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ABSTRACT 
 
Mesoscale models that predict the temporal evolution of tropical cyclones (TCs) are 
sensitive to the representation of cloud microphysical processes through their effect on modeled 
latent heat release. The cloud parameterizations used in such models make assumptions about the 
size distributions (SDs) of different ice species, such as cloud ice, graupel, and snow, which have 
typically not been based on observations obtained in TCs. The representativeness of these 
parameterizations for TCs is not well known. 
In this study, observations acquired in tropical storms, depressions and waves during the 
NASA African Monsoon Multidisciplinary Analyses project with in-situ cloud probes installed 
on the NASA DC-8 are used to identify snow and graupel particles through measures of particle 
morphology, and then to define SDs of snow and graupel, and of all ice hydrometeors combined. 
These SDs are then fit to gamma functions to determine how the intercept (No), shape (μ), and 
slope (λ) parameters vary with cloud and environmental conditions such as the ice water content 
(IWC), vertical velocity (w), temperature (T), and TC stage of development. The No, μ, λ solution 
representing the best fit is determined using a non-linear Levenberg-Marquardt algorithm by 
forcing three moments of the fit distributions to match as closely as possible the corresponding 
moments computed from the observed SDs that are truncated between the minimum and 
maximum dimension detected in the in-situ probes. A volume of equally plausible solutions in 
No-μ-λ phase space is defined as all solutions whose 
2
 difference from the observed moments is 
within some Δ2 of the minimum 2 for each SD, where Δ2 is determined as the largest of the 
minimum 2 for the best fit and the uncertainty in the measured SD due to statistical sampling. 
Families of SDs are determined for different cloud and environmental conditions (e.g.  SDs 
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found in updrafts, downdrafts and stratiform regions for w, for different ranges of IWC and T, 
and for the differing stages of TC development).  
There are minor differences in the range of No-μ-λ that characterize the SDs for 
environmental and cloud conditions, which are visualized by representing the range of possible 
values as an ellipsoid of equally realizable solutions. The largest differences in ellipsoid volume 
are found between w families where the calculated volumes vary by an order of magnitude. It is 
hypothesized that the much smaller sample size of SDs in downdraft and updraft regions 
compared to stratiform regions caused the differences in volumes. Variation in IWC had the 
smallest impact on ellipsoid volume, with volumes varying by only 494 cm
-4-μμm-1, which is 
only about an 8.5% difference between the largest and smallest ellipsoids in the IWC families. In 
the relationship between the most likely μ and No values, for all cloud and environmental 
conditions, μ increases with No linearly. However, as T decreases, μ decreases for the same No, 
and as IWC increases, μ increases for the same No. For all cloud and environmental conditions, 
the most likely value of λ increases with the most likely value of μ until about μ = 6, and 
thereafter decreases. For the λ-No relation, λ increases with No linearly for all environmental and 
cloud conditions. The largest difference between elements of families was found for the T 
families, where when T decreases, λ increases for equal No. There is a wider range of plausible 
No, μ, and λ values for graupel SDs than for snow SDs because fewer graupel than snow were 
detected in the NAMMA clouds, leading to greater uncertainty in the graupel SDs, and hence 
larger Δ2. The snow SDs and their characterizations are very similar to those for the SDs for all 
particles because of the small contributions of graupel to the total.  
To test the impact of the variability in fit parameters characterizing both single SDs and 
families of SDs, frequency distributions of mass-weighted terminal fall velocities (VT) were 
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derived. Given the uncertainty in the fit parameters for a single SD, VT varied by about 13%. The 
differences between the ranges of VT  determined for the different cloud and environmental 
conditions were minimal with all having a range between 0.2 and 1 m s
-1
. The largest difference 
in averaged VT between families of a specific environmental condition of 0.18 m s
-1
 (about 42% 
of the smallest family average VT) was found for variations in T. The average VT for families 
decreased with decreasing T, which could be from the decrease of particle size with decreasing 
T. 
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CHAPTER 1 
INTRODUCTION 
 
 Even though tropical cyclone (TC) track prediction accuracy has increased since the 
1970s (McAdie and Lawrence 2000; Aberson 2001), the accuracy in forecasting TC intensity has 
not, and therefore, there is much room for improvement (DeMaria et al. 2007). Better predictions 
of TC intensity will warn the public of potentially catastrophic events if a TC is forecast to make 
landfall in largely populated areas, potentially saving money and lives. Currently, the National 
Hurricane Center (NHC) runs a variety of models to forecast both TC tracks and intensities.  
Two of these models that dynamically forecast track and intensity are the Geophysical Fluid 
Dynamics Laboratory (GFDL) model (Bender et al. 2007) and the National Weather 
Service/Hurricane Weather Research and Forecasting Model (HWRF) (Gopalakrishnan et al. 
2010). Both of these use the Ferrier microphysics parameterization scheme. The Ferrier scheme 
predicts changes in water vapor and condensate in the form of cloud water, rain, cloud ice and 
precipitation ice (snow/graupel/sleet) (Ferrier 2005). The National Center for Atmospheric 
Research/Pennsylvania State Mesoscale Model version 5 (MM5) has also been used to simulate 
hurricanes and there are several cloud parameterization schemes available in that model. All of 
the aforementioned mesoscale models have cloud parameterization schemes that make 
assumptions about the number and type of categories of the hydrometeors present and the shape 
of the size distributions (SDs) in each category.  
The assumptions about the hydrometeors SDs affect the simulated TC intensity in models 
because different SDs have different mass-weighted terminal fall velocities, which affect the 
microphysical process rates (i.e., riming, aggregation, melting, evaporation, etc.), which 
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determine the spatial distribution of latent heating. McFarquhar et al. (2006), Zhu and Zhang 
(2006), and Li and Pu (2008) all showed that the intensity of simulated hurricanes depended on 
the scheme used to parameterize cloud microphysics or on the constants used in those 
parameterization schemes. However, Wang (2002) showed removing ice-phase processes and 
adjusting parameters that describe hail SDs changed only the intensification time, and not the 
final intensity of a simulated TC. These differences in how the parameterizations schemes affect 
TC intensity show that more research needs to be completed to examine how microphysical 
processes interact with the dynamics of the TCs. 
The SDs in model parameterization schemes are represented by analytical functions. The 
choice of analytic function is typically based on in-situ observations of the number distribution 
function N(D) of cloud particles. Previous studies have shown that N(D) can be represented as an 
exponential (e.g., Marshall and Palmer 1948; Sekhon and Srivastava 1970) or gamma function 
(e.g., Heymsfield et al. 2002 (H02); McFarquhar et al. 2007b (M07b)). Integrated moments of 
the SDs, such as hydrometeor mass mixing ratio (q) and number concentration (Nt), are predicted 
by the bulk parameterization schemes used in the mesoscale models. If only one moment is 
predicted by such a scheme, then only one parameter of the SD can be determined from the 
prognosed variable. The other parameters must be determined through diagnostic relationships 
based on observations. If two moments are predicted by the scheme, then two parameters of the 
SD can be determined, leaving only one parameter in the gamma function to be determined 
through such diagnostic relationships. Thus, relations between gamma distribution parameters 
measured in-situ are still required to tune some of the parameterization schemes used in models. 
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In the early 1980s (Lin et al. 1983; Rutledge and Hobbs 1983) parameterization schemes 
developed for mesoscale models assumed that N(D) was represented by an exponential function 
given by 
 ( )          (   ),    (1.1) 
where No is the intercept parameter and λ is the slope parameter. Only one moment, typically the 
mass mixing ratio of the hydrometeors that is proportional to the third moment assuming 
spherical particles or assuming the SDs are represented in terms of volume equivalent diameter, 
was predicted in these schemes. In more recent parameterization schemes (e.g., Ferrier 1994; 
Milbrandt and Yau 2005; Straka and Mansell 2005; Thompson 2008), a gamma distribution was 
used to represent the SDs. This three parameter distribution is given by 
 ( )     
     (   ),    (1.2) 
where No is the intercept, λ the slope, and μ the shape parameter.  
 The degree to which the shapes of the SDs assumed in the model parameterization 
schemes match SDs observed in TCs is not well known. Therefore, in this study, in-situ cloud 
microphysical observations acquired in ice-phase conditions during the National Aeronautics and 
Space Administration (NASA) African Monsoon Multidisciplinary Analyses (NAMMA) (Zipser 
et al. 2009) in tropical systems at different stages of TC evolution and in different TC regions 
were used to investigate relationships between the three parameters (No, μ, and λ) in the gamma 
distribution on temperature (T), ice water content (IWC), vertical velocity (w), and TC stage of 
development. In addition to examining these relationships for SDs consisting of all ice-phase 
particles, the relationships were also examined for SDs separated according to whether the ice-
phase particles are classified as snow or graupel. An overview of NAMMA and the methodology 
by which the in-situ observations were processed and fit to gamma distributions is described in 
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Chapter 2. Chapter 3 presents the results of the fits of the observed SDs to gamma distributions 
and gives the dependence of the three fit parameters on the varying environmental parameters. 
Conclusions and directions for future work are discussed in Chapter 4. 
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CHAPTER 2 
METHODOLOGY 
  
 This chapter provides an overview of NAMMA and describes the probes used to measure 
the cloud microphysical and state parameters. The procedures by which the data were processed, 
including the averaging, filtering, and fitting of the NAMMA SDs to a gamma function are also 
discussed. A description of how the IWCs and mass-weighted terminal fall velocities were 
calculated is found at the end of this chapter. 
2.1.   Summary of Field Campaign: NAMMA 
 The main objective of the NAMMA field campaign was to examine the formation and 
evolution of tropical hurricanes in the eastern and central Atlantic and their impacts on regional 
water and energy budgets. One of the main scientific questions that the campaign sought to 
address was to determine the essential difference between African Easterly Waves (AEWs) that 
develop into TCs and those that do not (Zipser et al. 2009). Studies such as those of Snyder et al. 
(2010), Smith et al. (2012), and Guy et al. (2011) characterized these differences using data from 
surface observation networks, aircraft (NASA DC-8) and satellites acquired during NAMMA 
between August and September 2006. The DC-8 aircraft, which was based out of the Cape Verde 
Islands, flew through a tropical depression (TD), a tropical storm (TS), two developing AEWs, 
and three non-developing waves. These systems were all off the west coast of Africa in the area 
between 17-35
o
W and 7-20
o
N. The DC-8 flew many level legs at constant altitude through and 
on the outskirts of the storms at altitudes no greater than 12 km with spiral descents down to 
about 100 m above cloud base. Table 2.1 lists basic state parameters from time periods in cloud 
when T < 0
o
C including minimum and maximum pressure (P), minimum and maximum T, 
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latitude/longitude of spatial coverage of flight tracks, number of 10-second periods of data 
acquired and how many of these periods were used in analysis. Not all time periods were used 
because time periods where one in-situ probe malfunctioned were excluded from the analysis.  
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2.2.   Probes 
 The probes on the DC-8 that collected in-situ cloud microphysical data were the Two 
Dimensional Stereo probe (2DS), the Counterflow Virtual Impactor (CVI), the Cloud and 
Aerosol Spectrometer (CAS), the Cloud Imaging Probe (CIP) and the Precipitation Imaging 
Probe (PIP). The 2DS (Fig. 2.1) nominally measures particles with maximum dimension (D) 
between 20 and ~3000 μm (depending on how the data is processed). Data from the CAS (Fig. 
2.2) that characterizes N(D) between 0.5 and 50 μm were not used because past studies (Gardiner 
and Hallett 1985; Gayet et al. 1996; Field et al. 2003; McFarquhar et al. 2007a, 2011) have 
shown significant overestimates of N(D) from the shattering of large ice crystals on probe 
shrouds and inlets. The CIP (Fig. 2.2) nominally measures particles with D between 25 and 1550 
μm (Baumgarnder et al. 2001) and the PIP (Fig. 2.3) between 100 μm to 6.2 mm (Kingsmill et al. 
2004). The IWC was measured by the CVI (Fig. 2.4) and state parameters, such as the T, P and 
w, were measured by the Meteorological Measurement System (MMS, Fig.2.5). 
 
  
Figure 2.1      Figure 2.2 
 
 
Picture of the Two Dimensional 
Stereo probe (2DS) showing both the 
horizontal and vertical photodiode 
arrays. 
Picture of the Cloud and Aerosol 
Spectrometer (CAS) and the Cloud Imaging 
Probe (CIP) with circles highlighting probe 
sampling volumes. 
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Figure 2.3      Figure 2.4 
 
 
 
 
Figure 2.5 
 
 
Picture of the Precipitation Imaging Probe 
(PIP). 
Picture of the Counterflow Virtual 
Impactor (CVI) attached to an airplane 
that is not the DC-8. 
Picture of the Meteorological Measurement System (MM5) 
incorporated on an airplane that is not the DC-8. 
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 The 2DS consists of two photodiode arrays that are orthogonal to each other, called the 
horizontal and vertical components. Each gives an independent measure of the SD. The SDs for 
the horizontal and vertical arrays were averaged for all flights except for 25 August, where only 
the vertical array was used to characterize the SD because the horizontal component did not 
work on that day. The two lowest size bins of the 2DS with 5 < D < 25 μm were not used in the 
analysis because Jackson et al. (2012) found large discrepancies in these channels compared to 
concentrations measured by another probe, the Cloud Droplet Probe, in liquid conditions during 
the Indirect and Semi-Direct Aerosol Campaign (ISDAC). Further, good size and shape 
information is not available from any optical array probe when only one of two photodiodes is 
shadowed. 
To determine which particle probe to use to characterize N(D) over different size ranges, 
the ratio of the averaged N(D) measured by the 2DS for crystals with D between 100 and ~3200 
μm to that measured by the CIP for 100 < D < 1000 μm  and the PIP for 1000 μm < D < ~3.2 cm 
was plotted as a function of D for observations acquired in different range of DC-8 true air 
speeds (TAS) as shown in Figure 2.6. This is shown as a function of TAS to check if there was 
any dependence on the speed of the probe clocking. When TASs are fastest the ratio of the 2DS 
to CIP N(D) is greatest for small and large D, but for middle range D the slowest TASs have the 
largest ratio. As seen in similar comparisons (Lawson et al. 2006; Jackson et al. 2012), the ratio 
of the 2DS to CIP N(D) decreases as D increases. An inconsistent definition of D for the CIP and 
PIP compared to that used by the 2DS may cause this difference. For the CIP/PIP, D is the 
maximum dimension in any direction, whereas for the 2DS, D is the largest direction parallel or 
perpendicular to the photodiode array. This difference in definition of D will cause a difference 
in N(D) because particle sizes could be measured differently between the two probes and then 
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could be recorded in different bins, hence changing the N(D).  This difference becomes larger as 
D gets larger, as seen by the ratio being less than 1 for particles with D >~ 0.15 cm in Figure 2.6.  
The 2DS has greater N(D) than the CIP for D < 1000 μm. This probably occurred 
because the CIP used in NAMMA did not have updated electronics and hence probably had a 
slower response time than the 2DS. For this reason and because the CIP has a small and poorly 
defined depth-of-field (DOF) for D   150 μm (Baumgardner and Korolev 1997), the 2DS is used 
to characterize N(D) for D < 1000 μm. Even though the CIP and the 2DS used in NAMMA did 
not have anti-shattering tips installed, algorithms based on particle inter-arrival times (Field et al. 
2003; 2006) and identification of fragmented particles (Korolev and Isaac 2005) were used to 
remove shattered artifacts. However, ice shatter removal algorithms do not identify all shattered 
artifacts produced by the tips of the optical array probes (e.g. Jackson et al. 2013, in prep.). 
Lawson (2011) found such shatter removal algorithms were more effective than shatter 
mitigating tips for removing artifacts from the 2DS data, but Korolev et al. (2011) found the tips 
more effective than the algorithms for the Two Dimensional Cloud probe (2D-C), which is most 
similar to the CIP. Thus, because the algorithms and no tips were used for NAMMA, the 2DS 
was used to characterize N(D) for 25 < D < 1000 μm instead of the CIP. 
The PIP was used to represent N(D) for 1000 μm < D < 3 cm, because its large 
photodiode array width allows for detection of larger particles and its sample volume (16.12 L s
-
1
) is greater than the 2DS sample volume (0.8 L s
-1
), allowing for more statistically significant 
measurements of larger particles. Note that in the overlap region of 600 < D < 1200 μm between 
the 2DS and the PIP, the N(D) matched well with an average difference of 25%. Therefore, a 
threshold D of 1000 μm was chosen for switching between the 2DS and the PIP for the 
composite SDs. 
12 
 
 
 
Figure 2.6 
 
 
 
 
 A direct measure of the bulk total water content was recorded by the CVI by evaporating 
particles larger than a certain aerodynamic diameter in a warm, dry counterflow of nitrogen.  A 
diode laser hygrometer downstream of the CVI measured the water vapor from the evaporated 
particles (Noone et al. 1988, Twohy et al. 1997, Twohy et al. 2003), which is equal to the total 
water content, which is equivalent to the IWC when no liquid particles are present. Throughout 
Ratio of averaged N(D) measured by the 2DS for crystals with D between 100 and ~3200 μm to 
that measured by the CIP for 100 < D < 1000 μm  and the PIP for 1000 μm < D < ~3.2 cm as a 
function of D for observations acquired in different ranges of DC-8 true air speeds (TAS): red, 
TAS ≤ 215 m s-1; blue, 215 < TAS ≤ 224 m s-1; pink, TAS ≥ 224 m s-1. Black line represents 
constant ratio of 1. 
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NAMMA, the aerodynamic “cut-off”, controlled by the counterflow, was generally set between 
4 to 4.5 μm. Aerosols and cloud particles smaller than this “cut-off” diameter do not enter the 
probe since their inertia is too small to overcome the counterflow. There is uncertainty in what 
diameter particles actually enter the probe at specific “cut-off” levels. But Twohy et al. (1997) 
comparisons of condensed water content (CWC) measurements from the CVI to other airborne 
instruments, showed that the CVI system provides a reliable measurement of CWC in ice-phase 
clouds containing both large and small hydrometeors. The uncertainty in the measured CWC by 
the CVI was estimated to be about 11% for a CWC of 0.2 g m
-3
 but increased for smaller CWC. 
Because snow and graupel are frequently represented as separate hydrometeor categories 
in model parameterization schemes, there is a need to generate separate SDs for snow and 
graupel. This was done using the morphological characteristics of particle images recorded by 
the 2DS and PIP, and specifically the area ratio, which is the area of the measured particle 
divided by the area of a circumscribed circle with diameter given by the maximum dimension of 
the particle (McFarquhar and Heymsfield 1996). Graupel and snow were separated following 
Figure 4.7 in Heymsfield and Parrish (1979) by assuming all particles with area ratio greater than 
(less than) 0.75 were graupel (snow). Because area ratios were not recorded in the 2DS data files 
available from the NAMMA Archive, the fraction of particles measured by the CIP for each size 
bin and time period with area ratios greater and less than 0.75 was used to determine the fraction 
of particles that were graupel and snow for the same size bin and time period for the 2DS. 
Therefore, three different SDs are available for each time period: one representing graupel, 
another representing snow and the last representing the complete SD (graupel and snow 
concentrations combined). 
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2.3   Data Analysis 
The method by which the data were analyzed is based on analysis performed by Dooley 
(2008). The analysis procedures are summarized here, highlighting the differences in 
methodology from Dooley (2008). All microphysical quantities computed by the 2DS and PIP, 
such as the SDs, IWC, number concentrations from particles with D > 100 μm (hereafter N>100), 
were averaged over 10 seconds. Past studies (McFarquhar et al. 2002, 2007) have shown that 
such a period offers a balance between a longer time that increases the statistical significance of 
the particle sample and a shorter time that better resolves the small scale features of clouds. To 
ensure only time periods in cloud were analyzed, only periods with N>100 > 100 m
-3
 and IWC > 
0.001 g m
-3 
were used following Dooley (2008). Further, analysis was restricted to time periods 
with T < 0
o
C so that only periods with ice or supercooled water were examined. Although the 
absence of a Rosemount icing detector on the DC-8 prevented a simple identification of the 
presence of supercooled liquid, the shape of SDs measured by the CAS (McFarquhar and Cober 
2004) and inspection of the 2DS, CIP and PIP images can offer some insight into particle phase 
when interpreting observed SDs. 
2.3.1   Derived Ice Water Content 
 The IWC was calculated from the SDs measured by the 2DS and PIP from 
       ∑    (  )   
 
   ,    (2.1) 
where n is the number of bins, N(Di) the number distribution function evaluated at Di the 
midpoint of the i
th
 bin, ΔDi the bin width, and Mi, the mass of a single particle of dimension Di, 
given following Locatelli and Hobbs (1974) and Mitchell (1996) as 
      
 
.      (2.2) 
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Here α and β are constants that were computed by minimizing the χ2 difference between the IWC 
measured by the CVI and that determined from Eq. 2.1 using the measured N(Di).  Table 2.2 lists 
the values for the constants that were calculated for each flight. Even though these α and β 
provide the best match between the IWC from the measured N(D) and CVI, there were still some 
periods where the IWCs differed by more than a factor of 2: these were excluded from 
subsequent analysis.  
 
TC / AEW 
Date 
(2006) 
α [mg mm-β] β 
Pre-H Ernesto 
(Developing Wave) 
Aug 19 0.133 3.15 
Aug 20 0.019 1.35 
TS Debby Aug 23 0.052 2.05 
Non-Developing Wave Aug 25 0.0475 2.025 
Non-Developing Wave Sept 1 0.0745 2.225 
Pre-H Gordon 
(Developing Wave) 
Sept 3 0.1105 2 
Sept 4 0.034 1.9 
Non-Developing 
Wave 
Sept 8 0.0895 2.325 
Sept 9 0.1615 1.725 
TD 8 (H Helene) Sept 12 0.052 2.35 
 
Table 2.2  
Optimum values of the constants (α and β) in the mass-dimension relationship that were calculated for 
each flight/day by minimizing the χ2 difference between the IWC measured by the CVI and that 
determined using the measured N(Di) from Eq. (2.1).   
 
2.3.2   Vertical Velocities 
 Dooley (2008) sorted the 1-s w data into 10-s periods to match the time periods used for 
the SD data. Figure 2.7 shows the probability density function (PDF) for all 1-s w measured 
during the time periods for which SDs were used in the analysis. This PDF shows that periods 
with -1 < w < 1 m s
-1
 dominate the distribution. Dooley (2008) defined convective updrafts 
(downdrafts) as any 10-s period when w > 1 m s
-1
 (< -1 m s
-1
) was sustained for at least four 
consecutive seconds, following the definitions used by Jorgensen et al. (1985) and McFarquhar 
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and Black (2004). Three seconds before and after each 10-s period were examined to determine 
if an updraft or downdraft occurred at the beginning or end of each 10-s period. If both updrafts 
and downdrafts were identified within a single 10-s period, the period was identified according 
to whether the updraft or downdraft was stronger. Stratiform regions were labeled for those 
periods that had neither updrafts nor downdrafts. There were 17 (97) 10-s periods that were 
labeled as downdrafts (updrafts) and 2360 labeled as stratiform. Table 2.3 shows the number of 
10-s periods identified as downdrafts, updrafts, or stratiform areas for each flight.  
 
 
Figure 2.7 
 
 
Probability density function (PDF) for all 1-s w measured during time periods for which SDs used 
in the analysis. Note the dominance of the -1 < w < 1 m s
-1
 in the distribution. 
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TC / AEW Date (2006) # of Downdrafts # of Updrafts # of Stratiform 
Pre-H Ernesto 
(Developing Wave) 
Aug 19 1 2 123 
Aug 20 10 39 184 
TS Debby Aug 23 1 7 247 
Non-Developing 
Wave 
Aug 25 0 11 340 
Non-Developing 
Wave 
Sept 1 0 3 340 
Pre-H Gordon 
(Developing Wave) 
Sept 3 0 5 274 
Sept 4 0 1 193 
Non-Developing 
Wave 
Sept 8 0 11 318 
Sept 9 0 0 37 
TD 8 (H Helene) Sept 12 5 18 304 
 
Table 2.3 
Number of 10-s time periods identified as downdrafts, updrafts or stratiform areas on each flight. 
 
 
2.3.3  Non-Linear Fitting Routine  
In order to characterize the measured SD as a gamma function, a routine is needed to 
determine the fit parameters of the gamma function. The routine for representing the observed 
number distribution function, N(Di), corresponding to the SD determined by the 2DS and PIP, is 
described in this section. The number distribution function for the fit distribution is represented 
by a gamma function (Eq. 1.2) and denoted Nf(Di) when computed at the mid-point of the bins Di 
corresponding to the in-situ observations. The nth moment of the observed SD, Mon, is 
determined as 
     ∑   
  (  )    ,     (2.3) 
where the summation is over all bins between the minimum dimension Dmin and maximum 
dimension Dmax over which the SD was measured. The nth moment of the fit SD, Mfn, can be 
determined as 
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       ∫   ( ) 
   
    
    
,     (2.4) 
where the integration only covers the range Dmin to Dmax to cover the same size range as the 
observed data. There are three degrees of freedom in a gamma function, given by No, μ, and λ. 
Thus knowledge of three moments of the SD should uniquely determine No, μ, and λ provided 
the SD perfectly matches the gamma model.  
However, the measured SD inevitably does not perfectly fit the gamma model. The 
Incomplete Gamma Fit (IGF), created by Freer and McFarquhar (2008), forces the moments of 
the derived gamma distribution (Eq. 1.2) over the range of observations to match the observed 
moments as closely as possible. Because such moments are typically predicted in model 
parameterization schemes, closely matching the observed moments is the most important 
consideration in deriving the fit moments (McFarquhar et al. 2013, in prep.). Therefore, the IGF 
was used to determine the fit parameters in this study. 
The IGF determines No, μ, and λ by minimizing 
     ∑ (
   ( )    ( )
√   ( )   ( )
)
 
 
   ,     (2.5) 
where n(j) for j = 0, 2 and 3 indicates the three moments that are chosen to be most closely 
matched in the fitting procedure. A non-linear Levenberg-Marquardt algorithm (Press et al. 
1992) was used to minimize 2 with the minimum 2 (hereafter min
2
) corresponding to the most 
likely No, μ, and λ. However, as described by Press et al. (1992), there is a range of No, μ, and λ 
that represents equally plausible solutions for the fit parameters. Mathematically, this is defined 
by all possible combinations of No, μ, and λ that give 
2
 less than min
2
 + Δ2, where Δ2 
represents the tolerance that is used to define the confidence region in the three-dimensional 
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phase space. The choice of Δ2 is discussed in Section 3. It is also shown in Section 3 that the 
range of plausible fit parameters can be described by an ellipsoid in No-μ-λ phase space.  
2.3.4   Mass-Weighted Terminal Fall Velocities 
 As an example to illustrate how the range of plausible No, μ, and λ values affects 
quantities of relevance to parameterization schemes, the mass-weighted terminal fall velocities, 
VT, used in many parameterization schemes are computed for different No, μ, and λ values in the 
appropriate volumes in this study. VT for a single realization of coefficients is given by 
      
∫    ( )  
    
    
∫   ( )  
    
    
,     (2.6) 
where M is the mass of an ice crystal with maximum dimension D given by Eq. 2.2, and V is the 
fall velocity of a single ice crystal given by 
     ,      (2.7) 
where a and b are coefficients that depend on the assumed crystal habit. Substituting Eq. (2.7), 
Eq. (2.2) and Eq. (1.2) into Eq. (2.6) gives,  
      
 ∫       
    
    
      
∫     
    
    
      
.     (2.8) 
The VT could then be determined using the incomplete gamma function shown here as  
    
        (                   )
         (                 )
,   (2.9) 
where 
  (             )    (       )    (       )  (2.10) 
with   equaling either (β+b+μ+1) or (β+μ+1) and 
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 (   )   ∫          
 
 
,    (2.11) 
which is the incomplete gamma function. Because microphysical parameterization schemes in 
MM5 assume that a = 11.72 m s
-1
 m
-b
 and b = 0.41 (McFarquhar and Black 2004), these values 
were used in this analysis presented here. Values for β were computed as described for the 
calculation of IWC (Section 2.3.2). But, because the dependence of fit parameters on w, T, IWC 
and TC stage of development was being investigated, β values were derived for data collected in 
the relevant environmental conditions rather than according to flight day. Table 2.4 summarizes 
the α and β coefficients determined for the different environmental conditions.  
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CHAPTER 3 
RESULTS 
 
 This chapter discusses how volumes in No-μ-λ phase space that characterize the fits of 
SDs to gamma functions vary with the cloud and environmental conditions defined by w, TC 
development stage, T, and IWC. Before illustrating how the gamma fit parameters vary with 
environmental conditions, it is first examined how fits can be used to define the uncertainties in 
parameters describing individual SDs. Figure 3.1(a) presents a SD observed during NAMMA 
with various fit gamma functions for 2 values ranging from min
2
 to min
2
 + Δ2. The red line in 
the figure corresponds to the best fit to the observed SD shown by the blue line, with the No, μ, 
and λ values for this SD corresponding to min
2
. If the SD was perfectly characterized by a 
gamma function, min
2
 would be = 0, but here min
2 
= 0.0114. 
As discussed in Section 2, the gamma fit to a single SD is not just characterized by the 
most likely No, μ and λ, but also by a volume of equally realizable solutions in No-μ-λ phase 
space. This volume can be characterized by an ellipsoid in three-dimensional phase space and is 
designed to include points within some Δ2 of the minimum 2, min
2
, for the fit. Figure 3.1(b) 
shows the equally plausible solutions for all three fit parameters in No-μ-λ phase space for the SD 
plotted in Fig. 3.1(a). Each (No,μ,λ) point in the ellipsoid shown in Fig. 3.1(b) has a specific 
2
 
value and describes a specific gamma function. The green and orange lines in Fig. 3.1(a) are 
gamma functions for two (No,μ,λ) points, with the orange line characterizing one point in the 
ellipsoid with a 2 of min
2
 + Δ2. The orange line represents a distribution whose moments most 
poorly match the moments of the observed distribution for the three plotted functions because its 
corresponding 2 is equal to its largest allowable value of min
2
 + Δ2. Thus, the orange line 
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represents the furthest a gamma function can be from the measured SD to adequately describe 
the distribution. Figure 3.1(c) shows a projection of the ellipsoid of equally plausible solutions 
on the μ-No two-dimensional phase space with each (No,μ) pair depicted having 
2
 < min
2
+Δ2 
for some value of λ. Henceforth, plots like Fig. 3.1(b) will be referred to as 3-D plots and plots 
like Fig. 3.1(c) will be referred to as 2-D projections. 
The Δ2 was set to equal the maximum of either ΔSD
2
 or min
2
 (i.e. 
Δ2=max(ΔSD
2
,min
2
)), where ΔSD
2
 represents the calculated Δ2 for each SD, which is 
determined from the statistical uncertainty in each 10-s SD. Following Hallett (2003) and 
McFarquhar et al. (2007) the uncertainty in N(D) for each bin is proportional to the square root 
of the number of particles detected over the width of the bin in the given averaging interval, 
represented by N. Thus, N(D)high and N(D)low were determined for each 10-s period as 
(N+√ )/SVΔD and (N-√ ) /SVΔD, respectively, where ΔD represents the bin width and SV the 
sample volume, to give the highest and lowest possible value of N(D) in each bin. Three 
moments (i.e. 0
th
, 2
nd
 and 3
rd
 to keep consistency with Section 2.3.4) of the lowest and highest 
SDs were calculated for each N(D) (i.e. original, high, and low) using Eq. (2.4). The 2 
difference between these moments for the base SD and the lowest, N(D)low, and for the base SD 
and the highest, N(D)high, SDs were then determined as 

      
   ∑ (
|   ( )        ( )|
 
√   ( )       ( )
)
 
 
       (3.1) 
and 

       
   ∑ (
|   ( )        ( )|
 
√   ( )       ( )
)
 
 
   .    (3.2) 
The ΔSD
2
 was then determined as the average of low,SD
2
 and high,SD
2
.  
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Figure 3.1 
(a) Example of one N(D) measured between 170835 and 170845 on 20 Aug. 2006, with average T = -
18.7
o
C, plotted as a function of D (blue), with other lines representing gamma functions with fit 
coefficients selected from volume of equally realizable solutions for 2 ranging between min
2
 and min
2
 + 
Δ2, with indicated 2 values. (b) Ellipsoid characterizing volume of equally realizable solutions in No-μ-λ 
phase space, representing points for which 2, characterizing difference between fit and observed 
moments, less than min
2
+Δ2. (c) Projection of three-dimension volume in No-μ phase space with color 
corresponding to smallest 2 for any λ for depicted (No, μ) pair.  
 
 
When min
2
 is larger than ΔSD
2
, this indicates that the gamma function does not fit the 
SD very well. Thus, for this case Δ 2= min
2
 so that a larger range of fit parameters characterizes 
the fit; the use of Δ2 = min
2
 ensures that the moment can vary by at least as much as the 
difference between the moments between the observed distribution and best fit gamma function. 
(a) (b) 
(c) 
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Figure 3.2 shows two different N(D) plotted (blue) with their respective best fit lines (red), that 
are examples of fits where there is closer agreement to the observed moments (a) and one having 
not as good agreement to the derived moments (b). The SD that is better characterized by a 
gamma function (a) has min
2 
= Δ2 = 0.00395 and ΔSD
2 
= 0.00394, and the N(D) for the 
distribution that is not as well characterized by a gamma function (b) has min
2 
= Δ2 = 1.2989 
and ΔSD
2 
= 0.0482.  
 
 
 
 
Figure 3.2 
(a) Example of one N(D) measured between 134125 and 134135 on 23 Aug. 2006, with average T=-
43.4
o
C, plotted as a function of D (blue line) with the best fit line (red). (b) Example of one N(D) 
measured between 151205 and 151215 on 12 Sept. 2006, with average T = -3.6
o
C, plotted as a function of 
D (blue line) with the best fit line (red). 
 
 
Table 3.1 lists the different cloud and environmental conditions that were used to divide 
the SDs into different families, and the number of SDs contained in each family. To obtain an 
ellipsoid characterizing the SDs within a family, the ellipsoid characterizing each SD in the 
family was first generated. Each point at a number of discrete (No,μ,λ) points was defined as 
(a) (b) 
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either inside or outside the ellipsoid depending on whether the 2 difference between its 
moments and those of the observed SD was greater than of less than min
2
+Δ2. The ellipsoid 
characterizing the family was then constructed by weighting all SD ellipsoids and all points in 
individual ellipsoids equally. For example, when constructing a family ellipsoid each point in a 
SD ellipsoid with 10 points would have a weight of 0.1, whereas each point in a SD ellipsoid 
with 100 points would have weight 0.01. This method ensured that ellipsoids including more 
points did not dominate the ellipsoid for the family. The family ellipsoid was then defined to 
include all points with weights that added up to 68% of the total weight of all plotted points, 
adding points with the largest weights first. By not including all points, this ensured that any 
single SD with large Δ2 difference between fit and observed moments and hence large ellipsoid 
of equally realizable solutions that was not well characterized by a gamma function, did not 
dominate the ellipsoid describing the family. The 68% definition suggests that approximately 
one standard deviation was included in the family ellipsoid assuming a normal distribution.  
The eigenvalues and eigenvectors were then generated to describe the ellipsoid for each 
family. The eigenvalues represent the square of the length of the principle axes (la, lb, lc) and the 
eigenvectors represent the orthonormal vectors (va, vb, vc) describing the principal axes of the 
ellipsoid, where the semi-axes vectors of the ellipsoid are a, b, and c. The eigenvalues and 
eigenvectors were calculated from the inverse of the covariance matrix A (Eberly 2011), which 
was determined by the fit parameters of the family. The eigenvalues of A
-1
 are a
2
, b
2
, and c
2
, and 
eigenvectors are  ̂,  ̂, and  ̂. The volume of the ellipsoid was calculated by 
   
 
 
 √    (   ),     (3.3) 
whose units are cm
-4-μμm-1. 
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The 2-D projections on different planes were also determined for the ellipsoids 
characterizing each family and were contoured so that the plotted colors are proportional to the 
combined weights from all the component ellipsoids. The relationship between the No with 
maximum weight for each μ was computed and a line included in the 2-D projections for each 
family that best fit this relationship. These best fit lines were also compared to relationships 
between variables derived from the previous studies of H02 who analyzed data collected in deep 
tropical cirrus and stratiform precipitating clouds during the Tropical Rainfall Measuring 
Mission (TRMM) and of M07b who analyzed data collected in stratiform clouds behind 
mesoscale convective systems during the Bow Echo and Mesoscale Convective Vortex 
Experiment (BAMEX). H02 found relationships between No and μ and μ and λ (both in Table 3 
of H02), while M07b found relationships between only No and λ (Eq. 5 of M07b) and μ and λ 
(Eq. 6 of M07b).  
Table 3.1 shows that there is a wide range in the number of SDs included in the different 
families designed to describe the different cloud and environmental conditions. To assess how 
variations in sample sizes affects the volumes created, a bootstrap approach (Efron and 
Tibshirani 1994) was used to generate a series of new synthetic families for each family. For a 
family consisting of B SDs, the bootstrap approach randomly selected B SDs from the family, 
with replacement, to generate a new synthetic dataset. This process was repeated 20 times with 
the 3-D ellipsoid and associated 2-D projections determined for each of the synthetic families. 
This procedure was done for every family in Table 3.1. An example of the bootstrap analysis for 
SDs obtained in downdrafts is presented in Figure 3.3 with (a) showing the 3-D ellipsoid 
generated for the original dataset and (b) showing the 3-D ellipsoid that has the average number 
of points included in the ellipsoid, as determined  from all ellipsoids generated for the synthetic 
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datasets (henceforth average synthetic dataset). The downdrafts family was chosen since this 
family has the least SDs, meaning statistical sampling might affect it most. The percent 
difference between the ellipsoid volumes for the original dataset and the average synthetic 
dataset is 51.6%. This shows there is some statistical sampling issue with this family but 
differences decrease as sample size in the family increase. For example, the -10 < T ≤ -20oC 
average synthetic dataset ellipsoid volume generated from the 172 SDs in the family has a 
percent difference of 5.0% compared to the original dataset ellipsoid volume. This statistical 
sampling issue for small sample sized families should to be considered when evaluating the 
results. 
 
 
 
Figure 3.3 
(a) 3-D volumes in No-μ-λ phase space that characterize an ellipsoid of equally realizable solutions for fits 
to SDs that characterize plotted points for downdrafts. (b) 3-D volume like (a) for average synthetic 
dataset created when bootstrap approach applied to original downdrafts dataset. 
 
(a) (b) 
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3.1   Vertical Velocity – w 
 As shown in Table 3.1, three families of SDs were defined according to whether data 
were collected in downdrafts, updrafts or stratiform regions. These regions were defined as 
stated in Section 2.3.3. The 3-D plots for the ellipsoids in No-μ-λ phase space of equally 
realizable solutions for downdrafts, updrafts, and stratiform areas are shown in Figure 3.4 (a-c), 
respectively. It is seen that the volume of the ellipsoid increases from downdrafts to updrafts to 
stratiform areas. This increase may be due to a larger sample size for stratiform areas and the less 
than 100 sample size for downdrafts and updrafts. A list of the eigenvalues, eigenvectors, and 
ellipsoid volumes for all three families is provided in Table 3.2. All lengths of the principle axes 
(comparing shortest length to shortest length and so forth) in the updrafts and stratiform areas 
ellipsoids are about an order of magnitude greater than those for the downdrafts ellipsoid. For 
example, the shortest axis in the downdrafts ellipsoid has a length of 0.057, while the shortest 
axis in the updrafts and stratiform areas ellipsoids are equal to 0.278 and 0.745, respectively. The 
calculated volumes for the downdrafts, updrafts, and stratiform areas ellipsoids are 1.0x10
2
, 
1.3x10
3
, and 5.9x10
3
 cm
-4-μμm-1, respectively. 
Figure 3.5 (a-c) plots the 2-D projections of the ellipsoids for downdrafts, updrafts and 
stratiform areas, respectively, in μ-No phase space. Consistent with the variations in the volumes 
of ellipsoids, there are fewer points in the downdrafts tolerance (54) compared to that of updrafts 
(421) and stratiform areas (11764). The points with the largest weights for all three families 
occur between about -0.9 < μ < 0 and 10-5 < No < 10
-3
 cm
-3μm-1 for some λ. Figure 3.6 plots how 
the best fit lines characterizing the relationship between the heaviest weighted μ and No (3.6a), λ 
and μ (3.6b), and λ and No (3.6c) vary for updraft, downdraft and stratiform areas compared 
against the relationships derived in H02 and M07b. Comparing the relationship between μ and No 
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for different w, Figure 3.6(a) shows that μ tends to be greatest (smallest) for equal No values in 
stratiform areas (downdrafts). The μ for stratiform areas is greater than downdrafts by about 0.5 
at the most. The previous study H02 relation, which is shown as the dotted line in Figure 3.6(a), 
is almost equivalent to the downdrafts μ and No relation. The maximum difference in μ for 
equivalent No between the H02 and downdrafts relations is less than 0.1. In the λ vs. μ 
relationship (Fig. 3.6b) updrafts have smaller λ for equivalent μ, with the largest difference being 
about 50 cm
-1
. The λ increases with μ until about μ = 6 then λ decreases for both updrafts and 
stratiform areas. Updrafts are seen to have the smallest λ value at the peak by about 50 cm-1. 
Downdrafts do not have a descent from the peak possibly because only 17 SDs are included in 
this family. When comparing both M07b and H02 λ-μ relations to those in this study (Fig. 3.6b), 
the value of λ in this study is similar to those of the previous studies for about μ < 0.8. Here the 
difference in λ between this study and the previous studies is at the most 40 cm-1, which is found 
at μ = -0.9 between the stratiform areas family and M07b. This study has μ equaling values up to 
9, while H02 has μ > 5 for λ ≤ 500 cm-1. For M07b μ is never a positive value when using only 
the range of λ for the derived relation. In the λ-No relationship (Fig. 3.6c), λ is smallest for 
updrafts for equivalent No, with the largest difference being about 50 cm
-1
 compared to the other 
two families. The M07b relation has very few similarities for these parameters shown in Figure 
3.6(c). When No < 1 cm
-3μm-1 the largest difference between the λ values between this study and 
M07b increases with No and is about 85 cm
-1
 at the greatest. Using the range in λ in which the 
relation in M07b was derived the value of No never is greater than 1 cm
-3μm-1. 
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Vertical Velocity - w 
Division Eigenvalues Eigenvectors 
Volume  
[cm
-4-μμm-1] 
Downdrafts 
la 4599.079 va -0.0496 -0.0170 -0.999 
1.0x10
2 
lb 2.375 vb -0.8294 -0.5564 0.0507 
lc 0.057 vc 0.5565 -0.8307 -0.0135 
Updrafts 
la 2.78E-01 va 0.5394 -0.8420 -0.0080 
1.3x10
3 
lb 19.593 vb 0.8409 0.5392 -0.0459 
lc 20396.419 vc 0.0429 0.0180 0.9989 
Stratiform 
la 7.45E-01 va 0.5655 -0.8247 -0.0082 
5.9x10
3 
lb 43.450 vb 0.8239 0.5653 -0.0393 
lc 63309.701 vc 0.0370 0.0155 0.9992 
 
Table 3.2 
Eigenvalues, eigenvectors, and ellipsoid volumes for downdrafts, updrafts and stratiform areas, which 
describe the plotted ellipsoids that enclose the plausible solutions for each family. 
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Figure 3.4 
3-D volumes in No-μ-λ phase space that characterize ellipsoids of equally realizable solutions for fits to 
SDs that characterize (a) downdrafts, (b) updrafts, and (c) stratiform areas. 
 
(a) 
(b) 
(c) 
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Figure 3.5 
2-D projections of three-dimensional volumes in No-μ phase space that characterize fits to SDs describing 
(a) downdrafts, (b) updrafts, and (c) stratiform areas. Black line illustrates relation between No and μ that 
characterizes most likely values of these parameters.  
(a) 
(b) 
(c) 
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Figure 3.6 
Most likely relationship between (a) μ-No, (b) λ-μ, and (c) λ-No, derived for (red) downdrafts, (blue) 
updrafts, and (green) stratiform areas. (dashed) relationship derived from M07b and (dotted) relationship 
derived from H02. 
(a) 
(b) 
(c) 
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3.2   TC Stage of Development 
 The TC development stages were divided into four families: non-developing waves, 
developing waves, TSs, and TDs. Table 2.1 lists the flight days during NAMMA that were 
classified under each family. As shown in Table 3.1, more SDs were measured in developing and 
non-developing waves because data were collected on multiple days, whereas there was only one 
day on which TSs (August 23) and TDs (September 12) were sampled. The three-dimensional 
volumes characterizing the equally realizable solutions for the different stages are shown in 
Figure 3.7 (a-d). Table 3.3 lists the eigenvalues, eigenvectors, and ellipsoid volumes for all the 
families. Looking at the ellipsoids and comparing the lengths of the principal axes for all 
families, only slight differences appear. All longest principal axes are on the same order of 
magnitude, but the TS ellipsoid has the longest by a percent difference of 24.6%. The calculated 
volumes for the non-developing and developing waves’ ellipsoids are largest, with volumes of 
8.0x10
3
 and 8.5x10
3
 cm
-4-μμm-1, respectively, compared to those of TDs (4824 cm-4-μμm-1) and 
TSs (6454 cm
-4-μμm-1).  
Looking at the 2-D projections shown in Figure 3.8 (a-d), the points with the largest 
weighting consistently occur at the same location for most stages of development, just like they 
occurred at the same location for all w families. The points with largest weighting are located 
between -0.9 < μ < 0 and 10-5 < No < 10
-3
 cm
-3μm-1 for some λ. There is a small difference for the 
TS family in that the points with the largest weighting extend to about μ < -0.9 and No < 10
-1
 cm
-
3μm-1. Figure 3.9(a) shows the relation between the most likely values of No and μ, showing that 
μ is smallest (greatest) for equivalent No for the TS (non-developing waves), with the difference 
being only about 0.4. Compared to the previous study H02 (dotted line in Figure 3.9a), families 
of all development stages have greater μ for all equivalent No by a difference of up to about 0.9. 
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At No = 10
-5
 cm
-3μm-1, H02 has a difference in μ of about 0.1 compared to μ for TS. In the λ vs. μ 
relationship (Fig. 3.9b), λ increases with μ until about μ = 6 and then decreases, with all families 
having a similar λ peak value of about 250 cm-1. The λ is greatest for the TS for μ < 6 (by about 
60 cm
-1
 at the greatest) and λ is smallest for the TD for μ > 6 (by about 40 cm-1 at the greatest).  
The relationship between the most likely λ and μ derived in this study is similar to those of M07b 
and H02 for about μ < 1.3. Here the difference in λ between this study and the previous studies is 
at the most 65 cm
-1
, which is found at μ = -0.9 between the TS family and M07b. This study has 
μ equaling values up to 9, as was seen in w, while H02 has μ > 5 for λ ≤ 500 cm-1. For M07b μ is 
never a positive value when using only the range of λ for the derived relation. For the λ-No 
relationship (Fig. 3.9c), λ is greatest for TS (by about 30 cm-1 at the largest difference) for all No 
except for about No > 10
8
 cm
-3μm-1. The TD has the smallest λ for all No < 10 cm
-3μm-1 and then 
for No > 10 cm
-3μm-1, whereas the non-developing waves has the smallest λ, but only by about 20 
cm
-1
. As was seen in w, the M07b relation has very few similarities for these parameters. When 
No < 1 cm
-3μm-1 the largest difference between the λ values between this study and M07b 
increases with No and is about 100 cm
-1
 at the greatest.  The value of No never is greater than 1 
cm
-3μm-1 for the M07b relation when using the range of λ in which the relation was derived. 
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TC Stage of Development 
Division Eigenvalues Eigenvectors 
Volume  
[cm
-4-μμm-1] 
Non-
Developing 
Waves 
la 7.90E-01 va 0.5956 -0.8032 -0.0101 
8.0x10
3 
lb 74.230 vb 0.8024 0.5955 -0.0397 
lc 63256.027 vc 0.0397 0.0155 0.9992 
Developing 
Waves 
la 7.63E-01 va 0.5827 -0.8127 -0.0091 
8.5x10
3 
lb 84.853 vb 0.812 0.5826 -0.0357 
lc 64042.080 vc 0.0343 0.0134 0.9993 
Tropical 
Depression 
la 55438.820 va -0.0388 -0.0160 -0.9991 
4.8x10
3 
lb 39.155 vb -0.8213 -0.5690 0.041 
lc 6.11E-01 vc 0.5692 -0.8222 -0.0089 
Tropical 
Storm 
la 70954.254 va -0.0305 -0.0118 -0.9995 
6.4x10
3 
lb 72.213 vb -0.8296 -0.5575 0.0319 
lc 4.63E-01 vc 0.5575 -0.8301 -0.0072 
 
Table 3.3 
Eigenvalues, eigenvectors, and ellipsoid volumes for non-developing waves, developing waves, tropical 
depressions, and tropical storms, which describe the plotted ellipsoids that enclose the plausible solutions 
for each family in TC stage of development. 
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Figure 3.7 
3-D volumes in No-μ-λ phase space that characterize ellipsoids of equally realizable solutions for fits to 
SDs that characterize (a) non-developing waves, (b) developing waves, (c) tropical depressions, and (d) 
tropical storms. 
 
 
 
 
 
(a) (b) 
(c) (d) 
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Figure 3.8 
2-D projections of three-dimensional volumes in No-μ phase space that characterize fits to SDs describing 
(a) non-developing waves, (b) developing waves, (c) tropical depressions and (d) tropical storms. Black 
line illustrates relation between No and μ that characterizes most likely values of these parameters.   
(a) (b) 
(c) (d) 
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Figure 3.9 
Most likely relationship between (a) μ-No, (b) λ-μ, and (c) λ-No, derived for (red) non-developing waves, 
(blue) developing waves, (green) tropical depressions, and (pink) tropical storms. (dashed) relationship 
derived from M07b and (dotted) relationship derived from H02. 
(a) 
(b) 
(c) 
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3.3   Temperature – T 
The third environmental condition used to segregate the SDs is T. The SDs were 
separated into families in 10
o
C increments, starting at 0
o
C and continuing to -40
o
C, with the last 
family encompassing all SDs with T < -40
o
C. As shown in Table 3.1, the first three families (0 < 
T ≤ -30oC) have similar sample sizes, the fourth family (-30 < T ≤ -40oC) the largest number of 
samples, and the family T < -40
o
C has a sample size in between the range of the sizes of the 
other families. The 3-D ellipsoids for all families for T are shown in Figure 3.10 (a-e). Viewing 
Table 3.4, no prominent differences are evident when comparing the eigenvalues and 
eigenvectors for the different families, but the calculated volumes show that the warmest T 
family (0 < T ≤ -10oC) ellipsoid has the largest by about 86.2% difference, with a volume 
equaling 8.3x10
3
 cm
-4-μμm-1. The next largest volume corresponds to the coldest T (T < -40oC) 
family with a volume equaling 5.0x10
3
 cm
-4-μμm-1. The other families in order of decreasing 
volume are -30 < T ≤ -40oC, -10 < T ≤ -20oC, and -20 < T ≤ -30oC, with volumes of 4.9x103, 
4.1x10
3
, and 3.3x10
3
 cm
-4-μμm-1, respectively. 
The 2-D projections in Figure 3.11 (a-e) show that the parameters with the largest 
weightings are in the region between -0.9 < μ < 1 and 10-5 < No < 10
-1
 cm
-3μm-1 for some λ for all 
families sorted by T. Figure 3.12 (a-c), shows clear trends in how the relations between 
parameters varies as a function of T, with μ decreasing for equal No (Fig. 3.12a), and λ increasing 
for equal μ (Fig. 3.12b) as T decreases. There is a slight trend with λ increasing for equal No 
values (Fig. 3.12c) with increasing T, but the first two families (0 < T ≤ -10oC and -10 < T ≤ -
20
o
C) do not show this trend. In the μ-No relation, μ ranges between families at the most (least) 
by about 1.5 (0.4) for equal No, which occurs at the largest (smallest) No of 10
10
 cm
-3μm-1 (10-5 
cm
-3μm-1). Compared to the previous study H02, which is shown as the dotted line in Figure 
43 
 
3.12(a), all T families have greater μ for all equivalent No by an increasing difference as No 
increases, with the maximum difference being about 1.9. At No = 10
-5
 cm
-3μm-1, H02 has a 
difference in μ of about 0.1 compared to μ for T < -40oC. It is interesting to note that in the λ vs. 
μ relationship (Fig. 3.12b) the families for the warmest T (0 < T ≤ -10oC and -10 < T ≤ -20oC) do 
not show a monotonic trend in how the λ-μ relationship varies as a function of T. For these two 
families, λ is less than the other families by up to about 180 cm-1 for equivalent μ values. A 
reason for the lack of a relation over this range of T could be the potential presence of 
supercooled water for some of these families. The other three families all show λ increasing with 
μ until about μ = 6, and then λ decreases. However, as T decreases, not only does the value of λ at 
the peak increase, but the value of μ at which the peak occurs also decreases a little. For 
example, the value of μ at which the peak occurs is ~5.8 for T < -40oC instead of 6 for -20 < T ≤ 
-30
o
C. The largest (smallest) range in λ, which is located at μ = 6 (9), is about 110 (30) cm-1. 
Comparing both M07b and H02 λ-μ relations to those in this study, shows that the value of λ in 
this study is similar to those of the previous studies for about μ < 1.3. Here the difference in λ 
between this study and the previous studies is at the most 65 cm
-1
, which is found at μ = -0.9 
between the T < -40
o
C family and M07b. As was found in both w and TC stage of development, 
H02 has μ > 5 for λ ≤ 500 cm-1, while this study has μ equaling values up to 9. For M07b μ is 
never a positive value when using only the range of λ for the derived relation. For the λ-No 
relation (Fig. 3.12c), λ ranges by the most (least) about 100 cm-1 (40 cm-1) between the T 
families. Very few similarities between these relations and that in M07b are seen. The largest 
difference between the λ values, for No < 1 cm
-3μm-1, between this study and M07b increases 
with No and is about 100 cm
-1
 at the greatest. As was seen for w and TC stage of development, 
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using the range in λ in which the relation in M07b was derived the value of No never is greater 
than 1 cm
-3μm-1. 
 
 
 
 
 
Temperature - T 
Division Eigenvalues Eigenvectors 
Volume  
[cm
-4-μμm-1] 
0 < T ≤  
-10
o
C 
la 0.991 va 0.6119 -0.7909 -0.0105 
8.3x10
3 
lb 104.349 vb 0.7904 0.6119 -0.0274 
lc 38052.872 vc 0.0281 0.0084 0.9996 
-10 < T ≤  
-20
o
C 
la 5.81E-01 va 0.5877 -0.8090 -0.0110 
4.1x10
3 
lb 94.045 vb 0.8074 0.5873 -0.0568 
lc 17662.378 vc 0.0524 0.0245 0.9983 
-20 < T ≤  
-30
o
C 
la 4.84E-01 va 0.5270 -0.8498 -0.0067 
3.3x10
3 
lb 28.526 vb 0.8484 0.5266 -0.0538 
lc 45059.705 vc 0.0492 0.02267 0.9985 
-30 < T ≤  
-40
o
C 
la 56150.051 va -0.0413 -0.0184 -0.9990 
4.9x10
3 
lb 47.616 vb -0.8278 -0.5593 0.0445 
lc 5.31E-01 vc 0.5595 -0.8288 -0.0078 
T < -40
o
C 
la 67450.038 va -0.0326 -0.0135 -0.9994 
5.0x10
3 
lb 59.711 vb -0.8369 -0.5462 0.0347 
lc 3.59E-01 vc 0.5464 -0.8375 -0.0065 
 
Table 3.4 
Eigenvalues, eigenvectors, and ellipsoid volumes for all families in T, which describe the plotted 
ellipsoids that enclose the plausible solutions for each family. 
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Figure 3.10 
3-D volumes in No-μ-λ phase space that characterize ellipsoids of equally realizable solutions for fits to 
SDs that characterize (a) 0 < T ≤ -10oC, (b) -10 < T ≤ -20oC, (c) -20 < T ≤ -30oC, (d) -30 < T ≤ -40oC, and 
(e) T < -40
o
C. 
  
(a) (b) 
(c) (d) 
(e) 
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Figure 3.11 
2-D projections of three-dimensional volumes in No-μ phase space that characterize fits to SDs describing 
(a) 0 < T ≤ -10oC, (b) -10 < T ≤ -20oC, (c) -20 < T ≤ -30oC, (d) -30 < T ≤ -40oC, and (e) T < -40oC. Black 
line illustrates relation between No and μ that characterizes most likely values of these parameters. 
 
 
(a) (b) 
(c) (d) 
(e) 
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Figure 3.12 
Most likely relationship between (a) μ-No, (b) λ-μ, and (c) λ-No, derived for (red) 0 < T ≤ -10
o
C, (blue) -
10 < T ≤ -20oC, (green) -20 < T ≤ -30oC, (pink) -30 < T ≤ -40oC, and (black) T < -40oC. (dashed) 
relationship derived from M07b and (dotted) relationship derived from H02. 
(a) 
(b) 
(c) 
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3.4   Ice Water Content – IWC 
 The SDs were also segregated by IWC according to the following divisions: IWC < 0.01 
g m
-3
 (smallest IWC), 0.01 ≤ IWC < 0.1 g m-3 (middle IWC), and IWC ≥ 0.1 g m-3 (largest IWC). 
As seen in Table 3.1, there are many more SDs in the middle IWC and largest IWC families, 
compared to the smallest IWC family. Sampling size for the smallest IWC family is an issue 
because of the small sample size (21). Figure 3.13 (a-c) shows that the 3-D ellipsoids all have 
similar size, with the calculated volumes varying by only about 8.5% between the largest and 
smallest ellipsoids. The families in descending order of calculated volume are smallest IWC 
(5.8x10
3
 cm
-4-μμm-1), middle IWC (5.5x103 cm-4-μμm-1), and largest IWC (5.3x103 cm-4-μμm-1). 
Table 3.5 lists the eigenvalues, eigenvectors, and ellipsoid volumes for all three families in IWC. 
Viewing the 2-D projections in Figure 3.14 (a-c), both the smallest IWC and the middle 
IWC families (Fig. 3.14 (a-b)) are unique in that they show the largest weighting extending 
throughout the entire range of μ and No. Only the largest IWC range (Fig. 3.14c) has the same 
trend as most of the other environmental conditions, with the largest weights occurring between -
0.9 < μ < 1 and 10-5 < No < 10-1 cm-3μm-1 for some λ. Figure 3.15 shows trends in how the 
relations between parameters varies as a function of IWC. As IWC increases, μ decreases for 
equal No (Fig. 3.15a). The range of μ for equivalent No between the three families is about 0.9. 
All IWC families have greater μ for all equivalent No by a constant difference of up to about 1.2 
compared to the previous study H02 (dotted line in Figure 3.15a). At No = 10
-5
 cm
-3μm-1, H02 
has a difference in μ of about 0.2 compared to μ for largest IWC. In the λ-μ relation (Fig. 3.15b), 
the trend of λ increasing with μ until about μ = 6, and then decreasing for larger μ is found in all 
the IWC families. Between 3 < μ < 7, all three families have similar λ. For the other μ values, λ 
varies between families by about 50 cm
-1
 at the greatest. Comparing both M07b and H02 λ-μ 
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relations to those in this study, the value of λ in this study is similar to those of the previous 
studies for about μ < 1. Here the difference in λ between this study and the previous studies is at 
the most 85 cm
-1
, which is found at μ = -0.9 between the middle IWC family and M07b. This 
study has μ equaling values up to 9, while H02 has μ > 5 for λ ≤ 500 cm-1, which is expected 
since it was seen in the other cloud and environmental conditions. Also seen in all the previous 
conditions, μ is never a positive value for M07b when using only the range of λ for the derived 
relation. The largest IWC family has the smallest λ for all No, shown in Figure 3.15(c). The range 
between families in λ in the λ-No relationship is about 25 cm
-1
 at the greatest. Very few 
similarities between this relation and that in M07b are seen. The largest difference between the λ 
values, for No < 1 cm
-3μm-1, between this study and M07b increases with No and is about 85 cm
-1
 
at the greatest. As for the other cloud and environmental conditions, the No value for M07b is 
never greater than 1 cm
-3μm-1 when using the range in λ in which the relation was derived from. 
 
 
 
 
Table 3.5 
Eigenvalues, eigenvectors, and ellipsoid volumes for all families in IWC, which describe the plotted 
ellipsoids that enclose the plausible solutions for each family. 
Ice Water Content - IWC 
Division Eigenvalues Eigenvectors 
Volume  
[cm
-4-μμm-1] 
IWC < 0.01 g m
-3
 
la 81447.922 va -0.0299 -0.0100 -0.9995 
5.8x10
3 
lb 85.884 vb -0.8176 -0.5750 0.0302 
lc 2.77E-01 vc 0.5750 -0.8181 -0.0091 
0.01 ≤  IWC <  
0.1 g m-3 
la 67007.243 va -0.0353 -0.0133 -0.9993 
5.5x10
3 
lb 81.204 vb -0.8171 -0.5753 0.0365 
lc 3.21E-01 vc 0.5754 -0.8179 -0.0094 
IWC ≥ 0.1 g m-3 
la 51290.960 va -0.0379 -0.0153 -0.9992 
5.3x10
3 
lb 45.051 vb -0.8194 -0.5718 0.0399 
lc 7.02E-01 vc 0.5719 -0.8203 -0.0091 
50 
 
 
 
Figure 3.13 
3-D volumes in No-μ-λ phase space that characterize ellipsoids of equally realizable solutions for fits to 
SDs that characterize (a) IWC < 0.01 g m
-3, (b) 0.01 ≤ IWC < 0.1 g m-3, and (c) IWC ≥ 0.1 g m-3. 
(a) 
(b) 
(c) 
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Figure 3.14 
2-D projections of three-dimensional volumes in No-μ phase space that characterize fits to SDs describing 
(a) IWC < 0.01 g m
-3, (b) 0.01 ≤ IWC < 0.1 g m-3, and (c) IWC ≥ 0.1 g m-3. Black line illustrates relation 
between No and μ that characterizes most likely values of these parameters. 
(c) 
(b) 
(a) 
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Figure 3.15 
Most likely relationship between (a) μ-No, (b) λ-μ, and (c) λ-No, derived for (red) IWC < 0.01 g m
-3
, (blue) 
0.01 ≤ IWC < 0.1 g m-3, and (green) IWC ≥ 0.1 g m-3. (dashed) relationship derived from M07b and 
(dotted) relationship derived from H02. 
(c) 
(b) 
(a) 
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3.5   Graupel and Snow SDs Separately 
 Before examining how the fit parameters for graupel and snow SDs compare and how 
they vary with cloud and environmental conditions, the fit to one specific 10-s average graupel 
and snow SD is examined. Figure 3.16 (a-d) shows the 2-D projection of the ellipsoid describing 
the volume of equally realizable No/μ/λ fit parameters for the combined SD (a), the graupel SD 
(b), and the snow SD (c). A plot of N(D) as a function of D for all three SDs (d) is also shown. In 
Figure 3.16(d), the snow SD line almost completely hides the line for the combined SD, since the 
majority of particles measured at most sizes were snow rather than graupel. The average ratio of 
the graupel N(D) to the N(D) of the snow is 0.05. The 2-D projections in the μ-No phase space of 
the equally realizable solutions of the combined and snow SDs (Fig. 3.16 (a and c, respectively)) 
are almost the same. This occurs because the Δ2s are also very close with the combined SD 
having Δ2 = 0.119 and the snow SD having Δ2 = 0.129. The 2-D projection of the graupel 
surface of equally realizable solutions in μ-No phase space (Fig. 3.16b) has 1304 points while the 
combined and snow have 58 and 76 points, respectively. Larger amount of points for graupel 
occurs because there is larger fractional uncertainty in the graupel SD compared to the combined 
and snow SD because fewer graupel than snow were depicted in the 10-s period. The Δ2 for the 
graupel SD is 0.3935, larger than that for the snow and combined SD, because of the larger 
uncertainty in the SD. Here graupel has a concentration of 5.347 L
-1
 and snow of 75.266 L
-1
. 
During NAMMA graupel had small concentrations (on average 11.3475 L
-1
) than snow (on 
average 83.1485 L
-1
), with some time periods having no graupel. Table 3.6 lists the number of 
10-s time periods that SDs of graupel were found for each environmental condition. The amount 
of SDs for snow is not listed because all SDs in the dataset included snow, the amounts of which 
are listed in Table 3.1.  
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Figure 3.16 
(a-c) Projections of three-dimension volumes in No-μ phase space with color contouring representing the 
smallest 2 for any λ for the depicted (No,μ) pair for the (a) combined, (b) graupel, and (c) snow SD, 
respectively. (d) Example of one N(D) measured between 170835 and 170845 on 20 Aug. 2006, with 
average T = -18.7
o
C, plotted as a function of D for combined (blue), snow (green), and graupel (yellow) 
SDs.  
(a) (b) 
(c) (d) 
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3.5.1   Dependence of Graupel and Snow Surfaces on w 
 For downdrafts, updrafts and stratiform areas, the volumes of equally realizable fit 
parameters for snow and graupel are compared in Figure 3.17 (a-f). The difference in the 
volumes of equally realizable solutions is evident for the graupel and snow ellipsoids. The 
calculated volumes of the graupel ellipsoids are an order of magnitude greater than those 
calculated for the snow ellipsoids when comparing the same families. The eigenvalues, 
eigenvectors, and ellipsoid volumes for all three families for graupel and snow are listed in Table 
3.7 (a-b), respectively. The largest difference in the eigenvalues between graupel and snow is in 
downdrafts where the longest principal axis in the graupel ellipsoid is an order of magnitude 
greater than that of snow. However, the issue of sampling size arises here since the sample sizes 
of downdrafts and updrafts for both graupel and snow are less than 100. 
 The 2-D projections for graupel and snow as a function of w are shown in Figure 3.18 (a-
f). The 2-D projections for snow for all three families are similar to those for the combined SDs, 
as seen by comparing Figure 3.18 (b, d, and f) to Figure 3.5 (a-c). The location of the largest 
weights for snow is similarly found between -0.9 < μ < 1 and 10-5 < No < 10
-1
 cm
-3μm-1 for some 
λ. But the largest weights for the graupel SDs extend up to about μ < 4 and No < 10
4
 cm
-3μm-1 for 
some λ. In comparing relations between the most likely values of the fit parameters, μ is greatest 
(smallest) for stratiform areas (downdrafts) for both graupel and snow for all No (Fig. 3.19a). The 
range over which the difference of μ varies for equal No for the different w families is constant 
for snow but decreases with increasing No for graupel. The almost constant difference between μ 
for different snow families for varying No is about 0.2, whereas the difference between μ for 
different graupel families varies from about 1.5 to about 0.3 with increasing No. For the λ-μ 
relationship (Fig. 3.19b), λ increases with μ until about μ = 6, and then decreases, for both the 
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graupel and snow SDs. It is reasonable that this occurs for snow because it is similar to the 
behavior for the combined distributions. However, the physical reason for the occurrence of the 
peak at μ = 6 has not yet been determined. For the last parameter relation (Fig. 3.19c), λ is 
smallest for all No for snow updrafts, while graupel downdrafts have the largest λ for all No, with 
the difference between the families being about 60 cm
-1
 at the greatest.  
 
 
Graupel: w 
Division Eigenvalues Eigenvectors 
Volume  
[cm
-4-μμm-1] 
Downdrafts 
la 4.09E-01 va 0.5452 -0.8383 -0.0071 
4.9x10
3 
lb 47.237 vb 0.8374 0.5450 -0.0412 
lc 73709.341 vc 0.0384 0.0165 0.9991 
Updrafts 
la 7.45E+04 va -0.0170 -0.0012 -0.9998 
1.5x10
4 
lb 116.292 vb -0.8126 -0.5827 0.0145 
lc 1.658 vc 0.5826 -0.8127 -0.0089 
Stratiform 
la 6.93E+04 va -0.0297 -0.0054 -0.9995 
2.5x10
4 
lb 95.680 vb -0.7421 -0.6698 0.0257 
lc 5.505 vc 0.6696 -0.7425 -0.0159 
 
 
 
Snow: w 
Division Eigenvalues Eigenvectors 
Volume  
[cm
-4-μμm-1] 
Downdrafts 
la 4243.453 va -0.0518 -0.0185 -0.9985 
1.1x10
2 
lb 2.958 vb -0.8355 -0.5468 0.0535 
lc 5.63E-02 vc 0.5470 -0.8371 -0.0129 
Updrafts 
la 17861.334 va -0.0429 -0.0180 -0.9989 
1.3x10
3 
lb 19.835 vb -0.8416 -0.5382 0.0459 
lc 3.14E-01 vc 0.5385 -0.8426 -0.0080 
Stratiform 
la 7.44E-01 va 0.5591 -0.8291 -0.0079 
5.8x10
3 
lb 42.262 vb 0.8283 0.5590 -0.0398 
lc 61800.290 vc 0.0375 0.0157 0.9992 
 
Table 3.7 
The eigenvalues, eigenvectors, and ellipsoid volumes for (a) graupel and (b) snow found in downdrafts, 
updrafts and stratiform areas. 
(a) 
(b) 
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Graupel     Snow 
 
 
Figure 3.17 
3-D volumes in No-μ-λ phase space that characterize ellipsoids of equally realizable solutions for fits to 
SDs that characterize downdrafts, updrafts and stratiform areas, for graupel (a, c, and e) respectively, and 
snow (b, d, and f) respectively. 
 
 
(a) (b) 
(c) (d) 
(f) (e) 
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Graupel     Snow 
 
 
Figure 3.18 
2-D projections of three-dimensional volumes in No-μ phase space that characterize fits to SDs describing 
downdrafts, updrafts, and stratiform areas for graupel (a, c, and e) respectively, and snow (b, d, and f) 
respectively. Black line illustrates relation between No and μ that characterizes most likely values of these 
parameters. 
(f) 
(d) 
(b) (a) 
(c) 
(e) 
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Figure 3.19 
Most likely relationship between (a) μ-No, (b) λ-μ, and (c) λ-No, derived for (red) downdrafts, (blue) 
updrafts, and (green) stratiform areas, from (dashed) graupel SDs and (solid) snow SDs.  
 
(c) 
(b) 
(a) 
61 
 
3.5.2   Dependence of Graupel and Snow Surfaces on TC Stage of Development 
 The volumes of equally realizable solutions for snow and graupel were also compared as 
a function of TC stage of development. The 3-D ellipsoids for both graupel and snow for all 
families for TC stages are shown in Figure 3.20 (a-h). Again, the ellipsoids are larger for graupel, 
because of the larger Δ2 which reflects the uncertainty in the graupel SDs. As seen for the w 
families, the graupel ellipsoids all have volumes an order of magnitude larger than those for 
snow, except for developing waves. The largest (smallest) graupel ellipsoid occurs for the TS 
(developing waves) with a calculated volume of 6.1x10
4
 cm
-4-μμm-1 (9.9x103 cm-4-μμm-1), but the 
largest (smallest) snow ellipsoid occurs for developing waves (the TD) with a volume of 8.5x10
3
 
cm
-4-μμm-1 (5.2x103 cm-4-μμm-1). The eigenvalues and eigenvectors of the ellipsoids derived for 
the surfaces of equally realizable solutions for graupel and snow as well as the ellipsoid volumes 
are listed in Table 3.8 (a-b). Comparing the eigenvalues of the shortest principal axis for each 
family between graupel and snow, the graupel eigenvalues are typically an order of magnitude 
larger. 
 Looking at the 2-D projections shown in Figure 3.21 (a-h) it is seen that the location of 
the largest weights in the graupel families does not follow the combined SDs trend of the largest 
weighting being typically found at small μ and No. The only two graupel TC development stages 
families that follow the trend of largest weights located between -0.9 < μ < 1 and 10-5 < No < 10
-1
 
cm
-3μm-1 for some λ, are the developing waves (Fig. 3.21c) and the TD (Fig. 3.21e). The snow 
stages families all have largest weights found in this area. Comparison of relationships between 
the most likely values of fit parameters for graupel and snow for each family is shown in Figure 
3.22 (a-c). For the μ-No relation (Fig. 3.22a), similar trends are found in the combined SDs for 
the families as are found for the snow families, where μ is smallest (greatest) for equivalent No 
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for the TS (non-developing waves). For graupel families, for No < 10 cm
-3μm-1, developing 
waves have the smallest μ by up to about 1.3 for equivalent No compared to the other graupel 
families, and for No > 10 cm
-3μm-1, the TS have the smallest μ by up to about 1.5 compared to 
the other graupel families. For the λ-μ relation (Fig. 3.22b), λ still increases with μ until about μ = 
6 and then decreases for snow. However, the trends for graupel λ as a function of μ are not as 
clear. All graupel families for the different stages have greater λ than the equivalent snow 
families for μ < 3 by up to about 160 cm-1, but then are all less than that for snow at μ = 6 (the 
peak in the snow families) by up to about 115 cm
-1
. In the λ-No relation (Fig. 3.22c), there is not 
as much difference between the graupel and snow families compared to the other two parameter 
relations. Once again the snow families are very similar to the combined families, where λ is 
greatest for TS for all No except for about No > 10
8
 cm
-3μm-1. The graupel families have a larger 
range in how much λ varies between the families for an equivalent No, with a difference of up to 
about 35 cm
-1
. 
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Graupel: TC Stage of Development 
Division Eigenvalues Eigenvectors 
Volume  
[cm
-4-μμm-1] 
Non-
Developing 
Waves 
la 9.496 va -0.7465 0.6649 0.0256 
3.2x10
4 
lb 83.677 vb -0.6646 -0.7470 0.0186 
lc 73582.693 vc 0.0314 -0.0031 0.9995 
Developing 
Waves 
la 59235.768 va -0.0384 -0.0159 -0.9991 
9.9x10
3 
lb 72.553 vb -0.7928 -0.6082 0.0401 
lc 1.326 vc 0.6083 -0.7936 -0.0108 
Tropical 
Depression 
la 21.153 va -0.6124 0.7903 0.0173 
5.3x10
4 
lb 88.767 vb -0.7903 -0.6126 0.0103 
lc 86191.817 vc 0.0188 -0.0074 0.9998 
Tropical 
Storm 
la 26.863 va -0.6015 0.7987 0.0149 
6.1x10
4 
lb 78.287 vb -0.7986 -0.6017 0.0142 
lc 103110.532 vc 0.0203 -0.0034 0.9998 
 
 
 
Snow: TC Stage of Development 
Division Eigenvalues Eigenvectors 
Volume  
[cm
-4-μμm-1] 
Non-
Developing 
Waves 
la 64132.900 va -0.0378 -0.0154 -0.9992 
8.1x10
3 
lb 75.336 vb -0.8011 -0.5972 0.0396 
lc 7.76E-01 vc 0.5973 -0.8019 -0.0103 
Developing 
Waves 
la 65091.256 va -0.0335 -0.0128 -0.9994 
8.5x10
3 
lb 78.285 vb -0.8127 -0.5817 0.0347 
lc 8.18E-01 vc 0.5818 -0.8133 -0.0091 
Tropical 
Depression 
la 6.29E-01 va 0.5623 -0.8269 -0.0085 
5.2x10
3 
lb 44.117 vb 0.8260 0.5621 -0.0413 
lc 56073.820 vc 0.0389 0.0162 0.9991 
Tropical 
Storm 
la 70954.254 va -0.0305 -0.0118 -0.9995 
6.4x10
3 
lb 72.213 vb -0.8296 -0.5575 0.0319 
lc 4.63E-01 vc 0.5575 -0.8301 -0.0072 
 
Table 3.8 (a-b) 
The eigenvalues, eigenvectors, and ellipsoid volumes for (a) graupel and (b) snow found in non-
developing waves, developing waves, tropical depressions and tropical storms. 
  
(a) 
(b) 
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   Graupel     Snow 
 
 
Figure 3.20 
3-D volumes in No-μ-λ phase space that characterize ellipsoids of equally realizable solutions for fits to 
SDs that characterize non-developing waves, developing waves, tropical depressions, and tropical storms, 
for graupel (a, c, e, and g) respectively, and snow (b, d, f, and h) respectively. 
(b) (a) 
(d) 
(h) 
(f) 
(c) 
(e) 
(g) 
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Figure 3.21 (Part 1) 
2-D projections of three-dimensional volumes in No-μ phase space that characterize fits to SDs describing 
non-developing waves and developing waves, for graupel (a and c) respectively, and snow (b and d) 
respectively. Black line illustrates relation between No and μ that characterizes most likely values of these 
parameters. 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) 
(d) 
(a) 
(c) 
66 
 
       Graupel         Snow 
 
 
Figure 3.21 (Part 2) 
2-D projections of three-dimensional volumes in No-μ phase space that characterize fits to SDs describing 
tropical depressions and tropical storms, for graupel (e and g) respectively, and snow (f and h) 
respectively. Black line illustrates relation between No and μ that characterizes most likely values of these 
parameters. 
  
(e) (f) 
(h) (g) 
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Figure 3.22 
Most likely relationship between (a) μ-No, (b) λ-μ, and (c) λ-No, derived for (red) non-developing waves, 
(blue) developing waves, (green) tropical depressions, and (pink) tropical storms, from (dashed) graupel 
SDs and (solid) snow SDs.  
 
(c) 
(b) 
(a) 
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3.5.3   Dependence of Graupel and Snow Surfaces on T 
 T families were used to investigate the differences between graupel and snow volumes of 
equally realizable fit parameter solutions. The 3-D plots for all T families for both graupel and 
snow are shown in Figure 3.23 (a-j). All graupel ellipsoids are larger than those of snow, which 
is supported by the calculated volumes for each ellipsoid. The graupel T families in descending 
order of calculated volume are as follows: -10 < T ≤ -20oC (4.4x104 cm-4-μμm-1), -30 < T ≤ -40oC 
(4.0x10
4
 cm
-4-μμm-1), 0 < T ≤ -10oC (3.4x104 cm-4-μμm-1), T < -40oC (8.6x103 cm-4-μμm-1), and -
20 < T ≤ -30oC (8.3x103 cm-4-μμm-1). For snow the families, again in descending order, are as 
follows: 0 < T ≤ -10oC (8.2x103 cm-4-μμm-1), T < -40oC (5.0x103 cm-4-μμm-1), -30 < T ≤ -40oC 
(4.9x10
3
 cm
-4-μμm-1), -10 < T ≤ -20oC (4.1x103 cm-4-μμm-1), and -20 < T ≤ -30oC (3.3x103 cm-4-
μμm-1). Therefore, the -20 < T ≤ -30oC family has the smallest ellipsoid for both graupel and 
snow. The eigenvalues, eigenvectors, and ellipsoid volumes for both graupel and snow are found 
in Table 3.9 (a-b), respectively. The differences in the eigenvalues, supports the above 
conclusions concerning the volumes of the ellipsoids. For example, the largest graupel ellipsoid 
(-10 < T ≤ -20oC) has the longest principal axis by an order of magnitude.  
 Figure 3.24 (a-j) shows the 2-D projections of the ellipsoids for both graupel and snow. 
The largest weights for graupel families are not found in the location between -0.9 < μ < 1 and 
10
-5
 < No < 10
-1
 cm
-3μm-1 for some λ, that is seen for the snow families and for the combined 
families for most cloud and environmental conditions. Looking at the relations between the most 
likely values of the fit parameters, Figure 3.25(a) shows that in the μ-No relation snow behaves 
similar to the combined SDs for different T ranges. However, graupel does not show a decrease 
in μ for equal No as T decreases, which is seen for snow and combined SDs. The graupel family 
with T < -40
o
C has the smallest μ for all No compared to the other graupel T families. The range 
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between μ for different snow and graupel families for equivalent No is similar, with the smallest 
(largest) range being about 3.0 (1.5), occurring at No = 10
-5
 cm
-3μm-1 (1010 cm-3μm-1). In the λ-μ 
relation (Fig. 3.25b), snow families are similar to the combined families, with λ increasing with μ 
until about μ = 6 and then decreasing. However, the trends for graupel λ as a function of μ are not 
as clear. All graupel T families have greater λ than snow families for about μ < 4 by about 175 
cm
-1
 at the greatest. For the λ-No relation (Fig. 3.25c), snow has the same trend in T as did the 
combined SDs (Fig. 3.12c), where λ increases for equal No values with increasing T, for all 
families except for the warmest two families (0 < T ≤ -10oC and -10 < T ≤ -20oC). Graupel does 
not show any sort of trend with T between families.  However, the largest range between λ for 
different graupel families for equivalent No is smaller by about 25 cm
-1
 compared to that of 
snow, which occurs at No = 10
10
 cm
-3μm-1. 
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Graupel: T 
Division Eigenvalues Eigenvectors 
Volume  
[cm
-4-μμm-1] 
0 < T ≤ -10oC 
la 86159.248 va -0.0159 0.0028 -0.9999 
3.4x10
4 
lb 105.604 vb -0.7618 -0.6477 0.0103 
lc 7.416 vc 0.6476 -0.7619 -0.0124 
-10 < T ≤  
-20
o
C 
la 108695.886 va -0.0104 0.0049 -0.9999 
4.4x10
4 
lb 105.669 vb -0.8044 -0.5941 0.0055 
lc 9.608 vc 0.5940 -0.8044 -0.0101 
-20 < T ≤  
-30
o
C 
la 1.130 va 0.6013 -0.7990 -0.0111 
8.3x10
3 
lb 66.627 vb 0.7981 0.6012 -0.0405 
lc 52815.361 vc 0.0390 0.0155 0.9991 
-30 < T ≤  
-40
o
C 
la 89474.927 va -0.0286 0.0014 -0.9996 
4.0x10
4 
lb 12.757 vb -0.747 0.6645 0.0223 
lc 81.426 vc -0.6642 -0.7473 0.0179 
T < -40
o
C 
la 85101.686 va -0.0240 -0.0073 -0.9997 
8.6x10
3 
lb 99.949 vb -0.8395 -0.5428 0.0242 
lc 4.97E-01 vc 0.5428 -0.8398 -0.0069 
 
 
Snow: T 
Division Eigenvalues Eigenvectors 
Volume  
[cm
-4-μμm-1] 
0 < T ≤ -10oC 
la 38548.173 va -0.0277 -0.0082 -0.9996 
8.2x10
3 
lb 104.828 vb -0.7901 -0.6124 0.0269 
lc 9.51E-01 vc 0.6124 -0.7905 -0.0105 
-10 < T ≤  
-20
o
C 
la 18392.545 va -0.0502 -0.0229 -0.9985 
4.1x10
3 
lb 90.776 vb -0.8060 -0.5894 0.0541 
lc 5.80E-01 vc 0.5898 -0.8075 -0.0111 
-20 < T ≤  
-30
o
C 
la 45526.012 va -0.0488 -0.0224 -0.9986 
3.3x10
3 
lb 29.975 vb -0.8493 -0.5252 0.0533 
lc 4.82E-01 vc 0.5256 -0.8507 -0.0066 
-30 < T ≤  
-40
o
C 
la 56626.740 va -0.0412 -0.0184 -0.9990 
4.9x10
3 
lb 47.523 vb -0.8284 -0.5584 0.0445 
lc 5.28E-01 vc 0.5587 -0.8293 -0.0077 
T < -40
o
C 
la 66293.149 va -0.0378 -0.0130 -0.9994 
5.0x10
3 
lb 59.065 vb -0.8372 -0.5459 0.0337 
lc 3.67E-01 vc 0.5460 -0.8378 -0.0065 
 
Table 3.9 (a-b) 
The eigenvalues, eigenvectors, and ellipsoid volumes for (a) graupel and (b) snow found in 0 < T ≤ -10oC, 
-10 < T ≤ -20oC, -20 < T ≤ -30oC, -30 < T ≤ -40oC, and T < -40oC. 
(b) 
(a) 
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Figure 3.23 (Part 1) 
3-D volumes in No-μ-λ phase space that characterize ellipsoids of equally realizable solutions for fits to 
SDs that characterize 0 < T ≤ -10oC, -10 < T ≤ -20oC, -20 < T ≤ -30oC, for graupel (a, c, and e) 
respectively, and snow (b, d, and f) respectively. 
 
 
(e) 
(c) 
(a) 
(f) 
(d) 
 
(b) 
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Figure 3.23 (Part 2) 
3-D volumes in No-μ-λ phase space that characterize ellipsoids of equally realizable solutions for fits to 
SDs that characterize -30 < T ≤ -40oC and T < -40oC, for graupel (g and i) respectively, and snow (h and 
j) respectively.  
(g) 
(i) (j) 
(h) 
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Figure 3.24 (Part 1) 
2-D projections of three-dimensional volumes in No-μ phase space that characterize fits to SDs describing 
0 < T ≤ -10oC, -10 < T ≤ -20oC, -20 < T ≤ -30oC for graupel (a, c, and e) respectively, and snow (b, d, and 
f) respectively. Black line illustrates relation between No and μ that characterizes most likely values of 
these parameters. 
  
(a) (b) 
(c) (d) 
(e) (f) 
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   Graupel     Snow 
 
 
Figure 3.24 (Part 2) 
2-D projections of three-dimensional volumes in No-μ phase space that characterize fits to SDs describing 
-30 < T ≤ -40oC and T < -40oC, for graupel (g and i) respectively, and snow (h and j) respectively. Black 
line illustrates relation between No and μ that characterizes most likely values of these parameters. 
  
(g) (h) 
(i) (j) 
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Figure 3.25 
Most likely relationship between (a) μ-No, (b) λ-μ, and (c) λ-No, derived for (red) 0 < T ≤ -10
o
C, (blue) -
10 < T ≤ -20oC, (green) -20 < T ≤ -30oC, (pink) -30 < T ≤ -40oC, and (black) T < -40oC, from (dashed) 
graupel SDs and (solid) snow SDs. 
 
(c) 
(b) 
(a) 
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3.5.4   Dependence of Graupel and Snow Surfaces on IWC 
 In this section the dependence of the volume of equally realizable fit parameters for 
graupel and snow as a function of IWC is examined. These surfaces are shown in Figure 3.26 (a-
e). There is not a plot for the smallest IWC range (IWC < 0.01 g m
-3
) for graupel because, as seen 
in Table 3.6, there were no graupel SDs measured with such small IWCs. The ellipsoids for 
graupel for the other IWC ranges are much larger compared to those of snow because of the 
larger Δ2 which is caused by the larger uncertainty in the graupel SDs because few graupel 
particles were measured. The graupel ellipsoids are all an order of magnitude larger than those 
for snow. The largest graupel IWC ellipsoid, which is the largest ellipsoid in the entire study, is 
for middle IWC (0.01 ≤ IWC < 0.1 g m-3) and has a calculated volume of about 8.7x104 cm-4-
μμm-1. The graupel greatest IWC (IWC ≥ 0.1 g m-3) ellipsoid is about 3.7 times smaller than the 
middle IWC graupel ellipsoid. It is interesting to point out that all the ellipsoids for snow seem to 
have similar volumes, which have a percent difference of 11.6%. The average calculated volume 
of the snow ellipsoids is 5.5x10
3
 cm
-4-μμm-1. The eigenvalues, eigenvectors, and ellipsoid 
volumes are listed in Table 3.10 (a-b). The eigenvalues support the results above concerning the 
volumes of the ellipsoids because the longest principal axis of 1.3x10
5
 is found in the middle 
IWC graupel ellipsoid.  
 The 2-D projections for the IWC families in Figure 3.27 (a-e) show that the trend of the 
largest weights being found between -0.9 < μ < 1 and 10-5 < No < 10
-1
 cm
-3μm-1 for some λ, is not 
found in the smallest and middle IWC snow families. This is consistent with the analysis, shown 
for the combined SDs for different IWCs (Fig. 3.14 (a-b)). The largest weights for the graupel 
middle IWC family are also not found in this region, but extend throughout μ < 9 and No < 10
10
 
cm
-3μm-1. A comparison of the relations between the most likely fit parameters for graupel and 
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snow is shown in Figure 3.28 (a-c). For the μ-No relation (Fig. 3.28a), snow families have the 
similar trend with IWC as did the combined SDs, where μ decreases for equal No as IWC 
increases. The graupel families have no such trend with IWC, but for No < 100 cm
-3μm-1, the 
middle IWC has larger μ by about 0.5, and then has smaller μ for No > 100 cm
-3μm-1 by about 1 
compared to the other graupel family. For the λ-μ relation (Fig. 3.28b), graupel λ increases and 
decreases several times as μ increases, while for snow λ only increases with μ until about μ = 6 
then decreases. This trend for snow is similar to that for the combined SDs. The λ for all graupel 
IWC families is also greater than those of snow by about 150 cm
-1
 at the greatest for μ < 2.5. The 
graupel λ is less than the snow λ between about 2.5 < μ < 7.5 by about 70 cm-1 at the greatest. 
The λ-No relation (Fig. 3.28c), shows snow having a similar trend in IWC as the combined SDs, 
but not for graupel. The trend in snow, which is similar to that for combined SDs for IWC, is that 
the largest IWC family has the smallest λ for all No. However, graupel middle IWC has greater λ 
than that for graupel largest IWC at No = 10
-5
 cm
-3μm-1 by only about 10 cm-1, but then seems to 
equal those of greater IWC for No > 100 cm
-3μm-1. 
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Table 3.10 (a-b) 
The eigenvalues, eigenvectors, and ellipsoid volumes for (a) graupel and (b) snow found in IWC < 0.01 g 
m
-3, 0.01 ≤ IWC < 0.1 g m-3, and IWC ≥ 0.1 g m-3. 
 
 
 
 
 
 
 
  
Graupel: IWC 
Division Eigenvalues Eigenvectors 
Volume  
[cm
-4-μμm-1] 
IWC < 0.01 g m
-3
 
la Ø va Ø Ø Ø 
Ø lb Ø vb Ø Ø Ø 
lc Ø vc Ø Ø Ø 
0.01 ≤  IWC < 
 0.1 g m-3 
la 131039.73 va -0.0112 0.0080 -0.9999 
8.7x10
4 
lb 123.756 vb -0.9090 -0.4167 0.0068 
lc 26.749 vc 0.4166 -0.9090 -0.0119 
IWC ≥ 0.1 g m-3 
la 68942.669 va -0.0319 -0.0073 -0.9995 
2.3x10
4 
lb 86.688 vb -0.7340 -0.6786 0.0284 
lc 5.127 vc 0.6784 -0.7345 -0.0163 
Snow: IWC 
Division Eigenvalues Eigenvectors 
Volume  
[cm
-4-μμm-1] 
IWC < 0.01 g m
-3
 
la 81447.922 va -0.0299 -0.0100 -0.9995 
5.8x10
3 
lb 85.884 vb -0.8176 -0.5750 0.0302 
lc 2.77E-01 vc 0.5750 -0.8181 -0.0091 
0.01 ≤  IWC < 
 0.1 g m-3 
la 3.21E-01 va 0.5754 -0.8178 -0.0094 
5.5x10
3 
lb 81.212 vb 0.8171 0.5723 -0.0365 
lc 67003.599 vc 0.0353 0.0133 0.9993 
IWC ≥ 0.1 g m-3 
la 51537.284 va -0.0389 -0.0160 -0.9991 
5.1x10
3 
lb 41.734 vb -0.8259 -0.5623 0.0412 
lc 7.14E-01 vc 0.5624 -0.8268 -0.0087 
(b) 
(a) 
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   Graupel     Snow 
       
 
 
Figure 3.26 
3-D volumes in No-μ-λ phase space that characterize ellipsoids of equally realizable solutions for fits to 
SDs that characterize IWC < 0.01 g m
-3, 0.01 ≤ IWC < 0.1 g m-3, and IWC ≥ 0.1 g m-3, for snow (a, c, and 
e) respectively. There is no graupel SDs in IWC< 0.01 g m
-3
 and (b and d) are the other two families, 
respectively. 
    
(d) 
(b) 
(a) 
(c) 
(e) 
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Figure 3.27 
2-D projections of three-dimensional volumes in No-μ phase space that characterize fits to SDs describing 
IWC < 0.01 g m
-3, 0.01 ≤ IWC < 0.1 g m-3, and IWC ≥ 0.1 g m-3, for snow (a, c, and e) respectively. There 
is no graupel SDs in IWC< 0.01 g m
-3
 and (b and d) are the other two families, respectively. Black line 
illustrates relation between No and μ that characterizes most likely values of these parameters. 
  
(a) 
(b) (c) 
(d) (e) 
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Figure 3.28 
Most likely relationship between (a) μ-No, (b) λ-μ, and (c) λ-No, derived for (red) IWC < 0.01 g m
-3
, (blue) 
0.01 ≤ IWC < 0.1 g m-3, and (green) IWC ≥ 0.1 g m-3, from (dashed) graupel SDs and (solid) snow SDs.  
 
 
(c) 
(b) 
(a) 
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3.6   Impact of Results 
 In order to understand the impact of how much the No, μ, and λ fit parameters vary for 
individual SDs and for families of SDs, the frequency of occurrence of different values of the 
mass-weighted terminal fall velocity, VT, were calculated using all points within the No-μ-λ 
ellipsoid generated for individual SDs and for families of SDs. It is important to assess how the 
variability in the gamma function parameters, which vary substantially (e.g., No varies by 15 
orders of magnitude), affect the range of quantities that are used in parameterization schemes 
when the covariances of the parameters are taken into account. First, the range of VT 
corresponding to a single SD was calculated, when the (No, μ, λ) points in the SD’s ellipsoid 
were substituted into Eq. (2.9). As seen in the histogram of the range of VT for a single SD shown 
in Figure 3.29, there is about a 0.06 m s
-1
 range, which is a variation of only about 13%. The 
black dot represents the calculated VT from the observed N(D), which has a value of 0.4558 m s
-
1
. 
 The range of VT can also be determined for all SDs included within a family of specific 
environmental or cloud conditions by using the range of gamma fit parameters determined to 
characterize the SDs for each environmental and cloud condition. These histograms were created 
by calculating the range of VT for each family by substituting the (No, μ, λ) points included in the 
family’s ellipsoid and plotting the ranges for all families on one histogram for each cloud or 
environmental condition. The histograms showing how the distributions of VT characterizing 
different cloud and environmental conditions are shown in Figure 3.30 (a-d). There is a similar 
range in VT for all cloud and environmental conditions with VT ranging between about 0.2 and 1 
m s
-1
. However, the distributions of VT can vary for some of the environmental conditions. The 
VT distributions seem to vary most with w and T. The difference of the average VT between 
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families in w is about 0.08 m s
-1
 (about 17% of the smallest family average VT). However, this 
difference could be due to the sampling size issue of the downdrafts and updrafts. The difference 
of average VT between families in T is about 0.18 m s
-1
 (about 42% of the smallest family 
average VT). The average VT for families in T decrease with decreasing T. This trend could be 
from the potential of particle size decreasing with decreasing T. Both TC stage of development 
and IWC have minimal differences between families for VT (0.0238 m s
-1
, 5% and 0.0227 m s
-1
, 
5%, respectively) which was also seen in the ellipsoid volumes.  
 
 
 
 
Figure 3.29 
Range of VT for a single SD measured between 170835 and 170845 on 20 Aug. 2006, with average T = -
18.7
o
C, showing a range of only about 0.06 m s
-1
. Black line represents value of calculated VT for 
observed N(D). 
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Figure 3.30 
The VT distributions for the different families in (a) w, (b) TC stage of development, (c) T, and (d) IWC. 
 
  
  
  
(c) 
(a) (b) 
(d) 
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CHAPTER 4 
CONCLUSIONS 
 
4.1.   Summary of Study 
 Observations acquired in tropical storms, depressions and waves during the National 
Aeronautics and Space Administration (NASA) African Monsoon Multidisciplinary Analyses 
(NAMMA) in August and September 2006, with in-situ cloud probes installed on the NASA 
DC-8 were used to identify snow and graupel particles through measures of particle morphology, 
and then to define the size distributions (SDs) of snow and graupel separately and of all ice 
hydrometeors combined. These SDs were fit to gamma functions to determine how the intercept 
(No), shape (μ), and slope (λ) parameters vary with cloud and environmental conditions such as 
the ice water content (IWC), vertical velocity (w), temperature (T), and tropical cyclone (TC) 
stage of development. To ensure only time periods in cloud were analyzed, only periods with 
number concentrations from particles with D > 100 μm (N>100) > 100 m
-3
 and IWC > 0.001 g m
-3 
were used. Analysis was restricted to time periods with T < 0
o
C so that only periods with ice or 
supercooled water were examined. A non-linear fitting routine developed by Freer and 
McFarquhar (2008), the Incomplete Gamma Fit (IGF), was used to determine a volume of 
equally plausible solutions of gamma fit parameters in the three-dimensional phase space No-μ-λ. 
All points found in this volume have a 2 defined as the difference between the observed and fit 
moments, and this difference was minimized using a non-linear Levenberg-Marquardt algorithm. 
If the 2 = 0 for a certain (No,μ,λ) point this means this gamma function perfectly matches the 
SD. However, such a perfect fit never occurred. Thus, a minimum 2 (min
2
) was defined as the 
(No,μ,λ) point that best fits the SD. The volume of equally realizable solutions of fit parameters 
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contain points with 2 between min
2
 and min
2
 + Δ2, where Δ2 was set to equal the maximum of 
either ΔSD
2
 or min
2
, where ΔSD
2
 is the calculated Δ2 from a SD’s statistical uncertainty. An 
ellipsoid describing the region of min
2
 to min
2
 + Δ2 was determined by enclosing 68% of total 
weight of all points in the tolerance allowed by the fitting technique, where weighting was based 
on how many points were in the tolerance for a single SD (i.e., if 10 points were allowed, each 
point would have a weight of 0.1). Using the NAMMA data, the dependence of the ellipsoids 
describing the volume of equally realizable solutions of gamma fit parameters on the following 
cloud and environmental conditions was determined: T, IWC, w, and TC stage of development. 
In order to determine the impact of the variation in the fit parameters described by the volume of 
equally realizable solutions in numerical parameterization schemes, the corresponding 
distributions of the frequency of occurrence of mass-weighted terminal velocities, VT, for both 
single SDs and families of SDs were calculated. The principal conclusions of this as well as 
directions for future work are summarized in this section. 
4.2.   Conclusions 
 The major conclusions of this study are given as follows: 
1. The IGF fitting technique was successfully used to fit SDs to a gamma function, as well 
as, to represent the fit parameters as a volume of equally realizable solutions based on the 
uncertainties in the SDs and in the tolerance allowed by the fitting technique. 
2. The in-situ SDs were separated into SDs characterizing graupel and snow separately by 
defining graupel (snow) as particles having an area ratio > (<) 0.75 following Figure 4.7 
in Heymsfield and Parrish (1979). The SDs for snow and graupel were then separately fit 
to gamma functions using the IGF.  
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3. Consistent with McFarquhar et al. 2007b and Heymsfield et al. 2002, which showed 
gamma fit parameters used to characterize families of SDs exhibited some mutual 
dependence, this study found that the gamma fit parameters that describe both families of 
SDs and individual SDs exhibit mutual dependence. 
4. The 3-D ellipsoids characterizing the volume of equally realizable solutions in No-μ-λ 
phase space varied in volume by at most an order of magnitude between the w families, 
but the comparison could have been biased by the limited sample size of downdraft and 
updraft regions. The ellipsoids varied the least (difference of about 494 cm
-4-μμm-1, which 
is about 8.5% difference between the largest and smallest ellipsoids) between the IWC 
families. 
5. In the relationship between the most likely μ and No values, for all environmental 
conditions μ increased with No linearly. Comparing the relation between environmental 
condition families, μ and No varied more as a function of T and IWC than as a function of 
w or TC stage of development. The range of the difference of μ between the families in T 
and IWC for equal No, at the greatest, were about 1.5 and 0.9, respectively. As T 
decreased, μ decreased with equal No, and as IWC increased, μ increased with equal No. 
6. For all environmental conditions, the most likely λ value increased with the most likely μ 
value until about μ = 6 and then decreased. For the two largest T ranges (0 < T ≤ -10oC 
and -10 < T ≤ -20oC), λ was less than the other families by about 180 cm-1 at the greatest. 
Consequently, the increase in λ for μ < 6 was not as great as for the smaller T. The 
reasons for this changed behavior at larger T are unknown, but could be due to the 
potential presence of supercooled water content at larger T. 
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7. In the relation between the most likely λ and No values, for all environmental conditions λ 
increased with No linearly. The largest difference between elements of families was found 
for the T families, with the difference in λ between families being as large as 100 cm-1 for 
some No. Here as T decreases, λ increases for equal No, except for the two largest T 
families (0 < T ≤ -10oC and -10 < T ≤ -20oC), which could be from the potential presence 
of supercooled water content.  
8. From the 2-D μ-No projections for all environmental conditions, the largest weights of 
plotted points were consistently found between -0.9 < μ < 1 and 10-5 < No < 10
-1
 cm
-3μm-1 
for some λ, except for small IWCs (IWC < 0.01 g m-3). 
9. Because there were fewer graupel particles measured than snow particles, the uncertainty 
in the graupel SDs was larger. Because the ΔSD
2
 and Δ2 were consequently larger, this 
meant that broader ranges of plausible fit parameters were determined for each 
environmental condition for the graupel SDs. The small number of graupel particles 
observed also explains why the snow SDs were similar to the combined snow/graupel 
SDs. Therefore, the ellipsoids describing the volume of equally realizable solutions of 
gamma fit parameters for snow SDs were also similar to the ellipsoids describing the 
combined snow/graupel SDs. 
10. The two-dimensional relationships between gamma fit parameters describing the most 
likely values of the parameters for the snow SDs tend to be very similar to those of 
combined SDs, while those of graupel are different, as summarized below.  
a. One difference found in all environmental conditions when comparing relations 
between the most likely μ and No for graupel and snow SDs, was that the μ for the 
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graupel SDs was larger (by about 1.5 at the greatest) than those for the snow SDs 
at No = 10
-5
 cm
-3μm-1. 
b. In the λ-μ relationship, one difference found for all environmental conditions was 
that the graupel families all had greater λ at μ = -0.9 compared to the snow 
families by about 175 cm
-1
 at the greatest. 
c. In the λ-No relation, the graupel families all had greater λ at No = 10
-5
 cm
-3μm-1 by 
about 50 cm
-1
 compared to snow, which is one difference found for all 
environmental conditions. 
4.3. Future Work 
 Even though many conclusions have been drawn from this study, there is still further 
work that can be performed to advance its impact. A list of future work that could further 
investigate the characterization of SDs in TCs as gamma functions is summarized as follows: 
1. Since relationships were determined for only a small set of data collected in one specific 
campaign, further analysis should be done using data collected in other field campaigns 
and in other environmental conditions to improve the significance of the findings. In 
particular, more observations are needed in updraft and downdraft cores to improve the 
statistical significance of findings about the variation of SDs as a function of w. 
2. To better understand the implications of the differences in the volumes describing the 
gamma fit parameters in different environmental conditions, several microphysical 
process rates (i.e. collection of cloud ice by snow, depositional growth of snow, etc.) 
should be computed to understand how the representations of processes in microphysical 
parameterization schemes can vary depending on environmental conditions. Process rates 
presented in McFarquhar and Black (2004) and Rutledge and Hobbs (1983 and 1984) 
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should be re-derived with the volume of equally realizable gamma fit parameters and an 
incomplete gamma function, where the integrals are performed from the minimum 
dimension Dmin to the maximum dimension Dmax only, to maintain consistency with the 
methodology of this study. In that way, it can be determined how the uncertainty in fit 
parameters affects the derived process rates, and how differences in gamma fit 
parameters from TCs compared to those in mid-latitude systems affects the rate at which 
microphysical processes occur. This will ultimately help guide how fits obtained with the 
IGF can be implemented in stochastic parameterization schemes. 
3. Apply the stochastic nature of this study to other parameters used in microphysical 
parameterization schemes, such as the mass-dimension and velocity-dimension relations, 
which would provide more understanding to these parameters. 
Despite these remaining tasks, this study made significant progress in better understanding TC 
SDs, the application of the IGF fitting technique and how the three parameters in the gamma 
function (No, μ, and λ) characterizing the SDs vary in TCs. This study has shown there is a 
pathway to the implementation of a stochastic parameterization in a numerical model, by 
providing a framework for mathematically describing a volume of equally realizable fit 
parameters. A parameterization scheme based on these SDs should be implemented in a future 
numerical modeling study. 
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